ENTROPY OF PHYSICAL MEASURES FOR C* DYNAMICAL
SYSTEMS

DAVID BURGUET

ABSTRACT. For a C'*° map f on a compact manifold M we prove that for a
Lebesgue randomly picked point x there is an empirical measure from x with
entropy larger than or equal to the top Lyapunov exponent of Adf : ATM O at
x. This contrasts with the well-known Ruelle inequality. As a consequence we
give some refinement of Tsujii’s work [23] relating physical and Sinai-Ruelle-
Bowen measures.

INTRODUCTION

Entropy is a master invariant in dynamical systems, which estimates the
dynamical complexity by counting the separated orbits. For a differentiable
system other dynamical quantities of high interest are the Lyapunov ex-
ponents. They are given by the exponential growth rate of the derivative.
Heuristically the first derivative controls the separation of points (as in the
mean value inequality) so that the entropy is always less than or equal to the
(sum of positive) Lyapunov exponents. This inequality, due to Ruelle [20],
holds at any invariant measure. Moreover the case of equality characterizes
the so-called Sinai-Ruelle-Bowen measures for C1T¢ systems.

Here we use a slightly different framework. We do not consider entropy
and Lyapunov exponent defined on invariant measures but on points. For the
entropy we let h(z) be the supremum entropy of the empirical measures at a
given point . We may also define a pointwise positive Lyapunov exponent,
denoted by xi(z), by considering the limsup in the exponential growth of
the derivative at = acting on the exterior algebra bundle (see Section 1 for the
precise definitions). We then aim to compare h(z) and x} () "physically”,
i.e. for Lebesgue almost every point x. For a C*° system we prove quite
surprisingly the entropy is physically bounded from below by the sum of
positive Lyapunov exponents, i.e.

h > XX Lebesgue almost surely.

In [25] Yomdin introduced tools of semi-algebraic geometry in order to
control the local volume growth of C°° smooth systems. In particular it
allows him to show that Shub’s entropy conjecture holds true in this set-
ting. Using a similar approach we manage to control locally not only the
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volume growth but also the distortion (see also [5] and [6]). The resulting
Reparametrization Lemma of dynamical balls is the key argument in the
proof of our Main Theorem.

The paper is organized as follows. In the first section we recall the notions
of physical, physical-like and Sinai-Ruelle-Bowen measures. We also intro-
duce the strong Lyapunov exponents which provide a new way to estimate
the exponential growth of the derivative at a point. Our Main Theorem and
its Corollaries are stated and discussed in Section 2. The last two sections
are devoted to the proof. Finally we present a counter-example in finite
smoothness in the appendix®.

1. BACKGROUND

1.1. Physical measures. Let (M, f) be a topological system, i.e. f: M —
M is a continuous map on a compact metrizable space M. Fix a metric d
on M. We let M(M) (resp. M(M, f)) be the set of Borel probability
measures (resp. f-invariant). Endowed with the weak-* topology these sets
are compact metrizable spaces. When (¢, : M — R),cn is a dense countable
family of the set of real continuous functions on X for the usual supremum
norm then the following convex metric @ on M (M) is compatible with the
weak-* topology:

| ndv — [ ¢ dyl
2"(1 + sup, |pn(z)])”

We will also consider the set KM (M) of all nonempty closed subsets of
M(M) with the associated Hausdorff metric o%.

The basin B, of an invariant measure p € M(M, f) is the set of points
x € M whose empirical measures puy := %Zo<k <n Ofkg 1S converging to
1, when n goes to infinity. According to Birkhof ergodic theorem the set
B,, has full p-measure for an ergodic measure p. In the following we will
always consider a C*° smooth compact Riemannian manifold (M, || - ||) and
its induced Riemannian distance d. The (normalized) volume form inherited
from the Riemannian structure will be called the Lebesgue measure and is
denoted by Leb. An invariant measure is said physical when its basin has
positive Lebesgue measure. From the works of Sinai, Ruelle and Bowen
[22, 20, 4] it is known that any C? Axiom A attractor admits finitely many
ergodic physical measures such that the union of their basin has full Lebesgue
measure in the basin of attraction.

We recall now the concept of physical-like measures [8, 9]. For z € M we
let pw(x) C M(M, f) be the accumulation points of the empirical measures
(5)n at . An invariant measure p € M(M, f) is said physical-like when
for any € > 0 the set {z, d(u, pw(z)) < €} has positive Lebesgue measure (in

Vi, v € M(M), d(p,v) =

*The example given in the appendix is on the interval. Following the same approach we build
in a forthcoming work [7] such counter-examples of surface diffeomorphisms.
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particular the physical measures are physical-like). The set PL = PL(Leb)
of physical-like measures is the smallest compact subset of measures con-
taining pw(z) for Lebesgue almost every point € M. In other terms if one
considers the closed-set valued map

pw: X — KM(M),
= pw(x)

and its essential range Impe,(pw) then we have (see Appendix B)

PL= |J K

KGHLeb (pw)

Instead of the Lebesgue measure we may consider any other Borel measure
m and define similarly PL(m) as the smallest compact subset of measures
containing pw(x) for m-almost every point € M. We let PL(m) be the
set with full m-measure given by points x € M with pw(z) € Im,,(pw).
Therefore we have pw(z) C PL(m) for all x € PL(m).

1.2. Standard Lyapunov exponents. In this section we recall some back-
ground on Lyapunov exponents (see [1] for further details). Let M be a
standard Borel space and let f : M — M be a Borel system. We consider a
measurable fiber bundle 7 : V' — X over M of dimension d equipped with a
measurable Riemannian metric || - ||, on each fiber V, = 7! ({z}), together
a bundle morphism F' : V — V with 7 o F = f ow. The (forward upper)
Lyapunov exponent of (z,v) for z € M and v € V,, is defined as follows

(

1
X" (x,v) := limsup — log |[|[F" (v)|| -
n

n——+00

The function x(z,-) := x¥(z,-) admits only finitely many values x1(z) >
o > Xp(z)(z) on TM \ {0} and generates a flag 0 C V,p)(2) & --- S Vi =
T, M with Vi(z) = {v € TM, x(z,v) < xi(z)}. In particular, x(z,v) =
Xi(x) for v € Vi(z) \ Viyi(z). The function p as well the functions x; and
the vector spaces V;(z), i = 1,...,p(z) depend Borel measurably on z. In
the following we work with the Lyapunov exponents (x;)1<j<a counted (still
nondecreasingly) with multiplicity, i.e. Vj3i; < p, x; = xi; and #{j, i; =
i} = dim(V;) — dim(Vis1).

For a sequence of real numbers (ay), we let lim > a, the limit in n of
the sequence (a,), when the sequence is converging to inf, a,. By the
subadditive ergodic theorem we have for all p € M(M, f) :

N .
(1.1) [ = 1 1o [IF], duto).

For any positive integer k less than or equal to d we let x* be the top
Lyapunov exponent of the bundle morphism A*F induced by F on the k-
exterior bundle AV (in particular x' = x1). We also consider the top
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Lyapunov exponent s = maxy X* of the action AF on the exterior algebra
bundle AV = @, AFV. We have then for all u € M(M, f),

|
/XXduzliTrlnn/longm]?xmAkF”

A point is said (forward) Lyapunov regular when x*(z) = Zle Xi(z)
for all 1 < k < d. By Oseledets theorem [16] the set of Lyapunov regu-
lar points has full y-measure for any Borel f-invariant probability measure
w (but it may have zero Lebesgue measure, see [17]). Moreover we have
xi(z) =Y j Xj(ac) when z is Lyapunov regular and therefore we get for all

w € M(M, f),
/XXduz/fodw
j

i du(z).

1.3. Empirical Lyapunov exponent. Now we assume that M is a com-
pact metric space, f : M — M a continuous map, V' a continuous Riemann-
ian bundle and F' : V' — V a continuous bundle morphism. By (1.1) the
function p — [ X du is then upper semicontinuous on M(M, f) as a nonin-
creasing limit of continuous functions. We introduce a new kind of pointwise
positive Lyapunov exponents, called empirical maximal exponent. First
we let for all p > 1 and for all x € M
n—1

. 1
Mp(z) = hmsup - ZZ; log™ | FP||| 1.
Clearly we have %)\p(:r) > xT(z) by submultiplicativity of the subordinate

norm. Moreover the sequence (A,(2)), is a subadditive sequence. Then we
let for all x € M
N1
AMz) = lim =\, (z) > xT(2).
pp
Lemma 1. With the above notations, we have for all x € M
sup /)dr dp = Mx).

pEpw ()

Proof. Let x € M. Let pu = limy ;- € pw(x) for an increasing sequence of
integers (ng)g. For all n and p we have

1 n—1
/10g+ IE1y drn (y) = — > log™ 1 F7| iy
1=0
Taking the limit over n = n; when k goes to infinity we get

log ™ [|[F7| Ap(@
/y du(y) < p]() )
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and by taking the limit when p goes to infinity we have finally

sup X7 (p) < A).
peEpw ()

Let us now show sup,,epu(z) X7 (1) > A(z). For any p there exist a subse-
quence (ny ;)i such that

ngp—1

. 1
Ap() =lim —— N~ log™ [|F?|| i,
k Nk.p =0

Then if pp € pw(x) is a weak limit of (uy;, )x we have

12 [ 108" IE71, dugly) = Ay ().

For any u € M(M, f) and for any z € X, the sequences (f log™ IE21l, d,u(y))p

and (\y(2)), being both subadditive the terms x(u) and A(z) are respec-
Jlog* | FPE], du(y)> and
k

tively the limits of the nonincreasing sequences ( m

(%ﬁ)k for any increasing sequence of integers (pg)r with pg | pr41 for all

Fix such a sequence (pg)r. We get :

log™ || FP
sup x"(u) = sup inf / Mdu(y),
pepw(z) pepw(z) P p
log™ ||| FP*
C g [
HEPW(x) k Pk

By Proposition 2.4 in [2] we may invert the supremum and the infimum in
the right-hand side term :

. log™ || FPx||
sup x"(u) = inf sup / ———du(y),
HEpw(x) ko pepw(z) Pk
log™ || FPx||

> inf / 08 W g (),

A Dx Npk( )
Z lnf )\pk(‘r)7

k- Pk

where the last inequalities follow from (1.2). Finally we get

A
sup X" (p) > inf (@)
pEPpwW(x) p p

= A(z).
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We let Ay be the empirical Lyapunov exponent associated to the bundle
morphism AF : AV — AV. Then for all z € M, we have

sup /XX dp = M (z) 2 X3 (@)
pEpw(z)

A point z is said to be pw-regular when we have Ax(z) = X3 (z). For an
ergodic measure u, almost every point x with respect to u lies in the basin
B,, of j1 (in other terms pw(x) = p) and x 1 (z) = [ x{ du. Using the ergodic
decomposition it follows then from Lemma 1 :

Lemma 2. pw-regular points have full measure with respect to any invariant
measure.

1.4. Essential supremum of Lyapunov exponents. In the present pa-
per we are interested in empirical measures with Lebesgue typical initial
conditions and we do not assume there exists an invariant measure abso-
lutely continuous with respect to Leb. In particular it may happen that the
set of Lyapunov regular points has not full Lebesgue measure ( see e.g. [17]
for the eight attractor). We will never assume Lyapunov regularity in the
present paper.

We denote by Ay the essential supremum of Ay with respect to Leb.
We also let XX (resp. x* for k = 1,---,d) be the essential supremum of

X4 (resp. x"*) with respect to the Lebesgue measure, in particular X§ =

max(0, x1, -, x%). As the set PL := PL(Leb) has full Lebesgue measure
we have

A < sup Aa(z)
x€PL
and then it follows from Lemma 1 and Ay > XX that
Xx < sup xf ().
HEPL
In general the equality does not hold (see Remark 6), where we have 0 =

i < XX(és) = SUp,cpr XX(N) with S being the associated saddle hyper-
bolic point.

Based on Yomdin’s theory and the volume growth estimates due to New-
house, Koslowski [11] showed the following integral formula for the topolog-
ical entropy of a C'*° smooth system :

1
hiop(f) = limlog/mkaxHAkdxf"HdLeb(x).
n n
By Jensen’s inequality we have for all integers n
log/m?x |ARd, f|| d Leb(z) > /log max |A¥d, £ d Leb(z).

According to Borel-Cantelli Lemma, for all 7 > 0, the set {x € M, maxy, |A*d, f™|| >

enOa _”/)} has Lebesgue measure larger than e™"7 for infinitely many n.
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Therefore we conclude that
1 -
(1.3) hiop(f) > limsup — / log max |AFd, f|| dLeb(z) > x 1.
n N

1.5. Ruelle inequality. From now on we consider a compact manifold M
of dimension d, a C' map f : M — M and the Lyapunov exponent with
respect to the derivative cocycle df : TM — TM. We recall that for a C*
diffeomorphism Ruelle’s inequality [20] the metric entropy of an invariant
measure is bounded from above by the sum of its positive Lyapunov ex-
ponents. With the previous notations, this inequality may be written as
follows :

Theorem 1 (Ruelle). Let f : M — M be a C* map on a compact manifold,
then for all p € M(M, f),

h(p) < / X4 dp-
Equivalently, for all x € M,

sup h(p) < A (z).
pepw ()

An ergodic measure p € M(M, f) is said hyperbolic when any of its
Lyapunov exponent [ xjdu, j = 1,---,d is nonzero. For a surface dif-
feomorphism, any ergodic measure with positive entropy is hyperbolic by
Ruelle’s inequality.

1.6. Sinai-Ruelle-Bowen measures. For a C'*® diffeomorphism f of M,
an invariant measure p is said to be a Sinai-Ruelle-Bowen measure (SRB
measure for short) when p-almost every point has a positive Lyapunov ex-
ponent and the disintegration of u along the unstable manifolds is absolutely
continuous with respect to the volume on the unstable manifolds inherited
from the Riemanian structure on M.

From Pesin theory any ergodic hyperbolic SRB measure is physical [18].
For an invariant measure p of a C''+® diffeomorphism we let 7, u be the set of
(forward) Lyapunov regular points « in the basin B, of u with x;(z) = x:(r)
for all i. In particular any point z in T}, satisfies x}(z) = >, xj (z) =
Xx (1) and therefore any such point is pw-regular. Tsujii showed that there
exists an SRB measure when the union of 7}, over all ergodic hyperbolic
measures has positive Lebesgue measure. He also proved that an ergodic
hyperbolic measure p is an SRB measure if and only if 7, has positive
Lebesgue measure.

Ledrappier and Young [12] (see also [19] for the noninvertible version) gave
a thermodynamical characterization of SRB measures : they are exactly the
invariant measures with a positive Lyapunov exponent almost everywhere
satisfying the so-called Pesin formula (equality case in Ruelle’s inequality) :

o = [ Yo dn
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In particular any SRB measure has positive entropy. It is thus hyperbolic
when considering a surface diffeomorphism. The set of SRB measures is a
face of the Choquet simplex of invariant measures, i.e. the ergodic compo-
nents of a SRB measure are also SRB measures. As a direct consequence of
the aforementioned results we have for any C1*¢ surface diffeomorphism :

sup h(p) < sup  h(p),
© SRB 1 physical

< sup / X" du,
1 physical
< xL
Question. Do we have sup,cpp h(p) < X! for a C (resp. C't®, C®)
surface diffeomorphism?

2. STATEMENTS

We aim to compare the entropy of physical-like measures with the (strong)
positive sum of Lyapunov exponents for C'*° systems.

Main Theorem. Let f: M — M be a C*° map. Then for Lebesgue almost
every point x there exists p, € pw(x) with

h(pz) > X4 ().
Of course the inequality does not hold true for all z, e.g. when z is a
periodic point with a positive Lyapunov exponent. However the set of such
points has zero Lebesgue measure.

Remark 2. For a C? Aziom A diffeomorphism f : M — M, there are
finitely many ergodic physical measures whose basins cover a set of full
Lebesgue measure. Such measures also satisfies Pesin formula. In this case
we have moreover 1 (z) = [log Jac(df |k, )(z) du(z) for x € B, by continu-
ity of x — Jac(df|g,)(x). Therefore for Lebesgue almost every point x we
get h(uz) = x (x) with pw(x) = {p}.

As a direct consequence of the Main Theorem we obtain the following
lower bound on the entropy of a physical measure.

Corollary 3. Let i be a physical measure of a C* map f: M — M. Then
h(p) > X318,
where XX‘BH is the essential supremum of XX on B,.

The Main Theorem and Corollary 3 are wrong in finite smoothness. We
give in the Appendix A an example of a C" smooth interval map for any
finite » > 1 with a Dirac physical measure at a source such that the essential
supremum of the Lyapunov exponent on its basin is positive.

We recover Inequality (1.3) obtained from Kozlovski integral formula.
More precisely we have :
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Corollary 4. Let f : M — M be a C* map. Then

max h(p) > x1.

max h(p) = X
Proof. For any € > 0 the set {XX > ﬁ — €} has positive Lebesgue measure,
so that there exists a point z in this set with pw(z) C PL which satisfies
the conclusion of the Main Theorem, i.e. there exist u, € pw(x) with

h(pe) > XX (2) > x§ — e
We conclude by upper semicontinuity of the metric entropy for C*° maps
[15] and by compactness of PL. O

For C'*° maps we get the following refinement of Tsujii’s theorem.

Corollary 5. Let f : M — M be a C* map.

(1) Assume the set of pw-regular points in {XX > 0} has positive Lebesgue
measure. Then f admits an SRB measure.

(2) Let p be a physical measure such that the set of pw-regular points in
{xX > 0} N By, has positive Lebesgue measure. Then p is an SRB
measure.

We recall Tsujii’s results only deal with diffeomorphisms but under the
weaker C1T® smoothness assumption. Contrarily to Tsujii’s statement we
do not assume in the second item neither ergodicity nor hyperbolicity of the
physical measure pu.

Proof. We only prove the first item. The proof of the second one follows the
same lines. According to the Main Theorem, for Lebesgue almost every z
in {x} = Aa > 0} there is an SRB measure y, € pw(z) satisfying

h(pe) > XX(‘T)
Moreover it follows from Ruelle’s inequality and Lemma 1 that

(@) > x5 (1) = h(pta)-

Since we have xj (z) = Ax(z) the measure i, satisifes Pesin’s entropy for-
mula and is therefore an SRB measure. U

Unlike the Main Theorem, which is false in finite smoothness, we conjec-
ture Corollary 5 holds true for any C'*® map. It can be deduced from the
Reparametrization Lemma in [5] the case of C'T® interval maps and surface
diffeomorphisms. However as it involves stronger technicalities we prefer to
only consider C'*° maps in the present paper.

Remark 6. The C* assumption does not imply that the basin of an ergodic
physical measure contains a positive Lebesgue measure subset of pw-reqular
points. If we consider again the C*° eight attractor of Bowen [17, 13] the
strong Lyapunov exponent Ax(x) is equal to the unstable Lyapunov exponent
of the saddle physical measure, whereas according to our Main Theorem we
have XX(CC) = 0 for Lebesgue almost every point in the basin.
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3. SOME TECHNICAL LEMMAS

For a C? Anosov surface diffeomorphism one build SRB measures as fol-
lows. One takes the inherited Lebesgue probability measure p on a local

unstable disc and then checks that the limit v of (% > 0<k<n fku)n disin-

tegrates absolutely continuously on unstable manifolds with respect to the
Lebesgue measure. Here we follow somehow a similar approach by consid-
ering the Lebesgue probability measure p on a smooth disc with Lebesgue
typical exponential growth. Then we estimate the entropy of v by using a
Reparametrization Lemma of dynamical balls.

3.1. Lyapunov exponent along smooth leaves. In the Lemma below
we select the appropriate smooth disc.

Lemma 3. Let 1 <k <d and let a < x*. We consider a Borel subset E of
{a < x*} with positive Lebesque measure. Then there exist a compact subset
F of E and a foliation box U with respect to a C*° smooth k-foliation F
with Leb(U N F) > 0 such that

Ve e UNF, X*(z,T,F) > a,

where T, F denotes any unit-norm element of AF(TM) generating the tan-
gent space at x of the F-leaf containing x.

Proof. Let F be a compact subset of E with Leb(F') > 0 such that z — V;(x)
is continuous on F for all i, where (V;(z)); denotes the Lyapunov flag at x
of A¥df acting on A*T'M (in particular recall Vj(z) = AFT,M). Let x
be a Lebesgue density point of F' and let u € Vi(z) \ Va(z). We may
assume that u is a monomial exterior product and we then let il be the
associated k-vector subspace of T, M. We denote the exponential map at x
by exp, : T,M — M. Then for a small enough neighborhood U of x the
vector (AFd expx(u))y belongs to Vi(y) \ Va(y) for all y € U N F. Finally

this vector generates the tangent space at y of the foliation F = exp, (F;)
where F, is the foliation in U-directed k-planes of T, M. O

3.2. Entropy computation. We state now a technical entropy computa-
tion due to Misiurewicz [14] in its elementary proof of the variational prin-
ciple for the entropy, which we will use to bound from below the entropy of
v. For a probability space (X, B, u) and a finite measurable partition P of
X we denote the static entropy of P as follows

H,(P):= = p(A)log u(A).
AeP

Lemma 4. [14]Let (X, f) be a Borel system and let P be a finite mea-
surable partition of X. We consider a sequence (i), of probability Borel
measures on X and the associated sequence (vp), given for all n > 0 by
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Up = %20§k<n f*pn. Then we have with P" = \/Z;é f~kp

(P™) > * (H,,(P") - 3mlog £P).

1
vYm >0, —H,
m n

3.3. Local distortion. The key argument which allows to control the dis-
tortion is given by the following lemma whose proof relies on tools of semi-
algebraic geometry. For x € M, n € N and a > 0 we let By¢(z,n,«) be the
dynamical ball at x of length n and size « :

By(z,n,a) :={y € M, d(f'z, fly) <afor 1 =0,..,n —1}.

Reparametrization Lemma. Let f: M — M be a C*®° map. Let a € R,
v € RT\ {0} and let k be a positive integer with k < d. For some a > 0,
for all x € M and for all o : [0,1]F — M of class C™ with ||do|| < 1 and
AFdio # 0 for all t € [0,1]F, there exists for large enough n (depending on
o but not on x) a family of reparametrizations (07 : [0,1]% O)ier, with the
following properties:

* Uier, m(67) 51 {t e [0,1]%, %# > e and o(t) € B(x,n, a)} ,
o Viel, |[dffocofdl)] <1,

e A S R
o tI, < . ‘

Roughly speaking, the preimage under ¢ of any dynamical ball of length n
with small enough radius may be covered by an exponentially small number
of pieces, where the distorsion of f™ o ¢ is bounded.

Such Reparametrizations Lemmas first appear in the pioneering work of
Yomdin [25] (see also [10]) in his proof of Shub’s entropy conjecture for C>
systems. In Yomdin’s earlier form the control of the distortion given by the
third item did not appear. Moreover the reparametrized set was the whole
dynamical ball (here this is the case when f is a local diffeomorphim by
choosing a small enough). Others similar forms of the Reparametrization
Lemma were used succesfully by the author to study symbolic extensions
and exponential growth of periodic points for C” surface diffeomorphisms
[5, 6]. The technical proof could be skipped at a first reading.

We first establish a version of the Reparametrization Lemma for a C*
nonautonomous system § = (f; : B — R%);en on the unit Euclidean ball B of
R?. For m € N we let §,, be the finite sequence of C* maps F, := (fi)o<i<m.-
In this context we define the dynamical ball Bz, as follows

B;,, ={y€ B, fio---ofo(y) € B for 0 <1< m}.
We then put f**! = f,,0---0fg : Bg,, — R? (let also {* be the identity map
of R%).

JrBy Uier Ai @ B we mean that | J;c; A; D B and A;NB#Qforalliel.
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Let A = (a;);en be an infinite sequence of integers. For the corresponding
finite sequences A, := (ag, ..., a;m—1) we also consider the following dynam-
ical ball induced by §,, on the k-exterior bundle of the tangent space T’ R4
endowed with the norm induced by the Euclidean norm:

B*(Am) = {(y,v) € A*(TRY), v =1, y € By,
and VI =0,...,m — 1, [log HAkdfzyfl(vl)]H =a},

Mdyfi0) g

TAFd T (o) m — 1, and [-] for the ceiling
Y

with the notations v; =

function.
For a C* smooth k-disc s : [0,1]* — R? we aim to reparametrize the set
Cs(A;,) defined as follows :

Co(An) = {t € [0, 1], <5(t), uﬁ:ﬁ\) e B’f(Am)} .

Proposition 7. Let r > 2 be an integer. Assume ||d°f;|| < 1 for all s =
2,-+-,r and for all | € N. Then for all m € N there exists a family of
reparametrizations (¢ : [0, 1]* O)iez(Am) With the following properties :

(1) Uiez(a, Im(8i") 3 Cs(An),
(2) Vi € I(Ap) Vs =0,...,7,
(7"

|
(3) Vi € T(Ap) Vs = 1, ...,

oso¢) || <1,
-1,

1
|d* (tHA'“th)(f’”o )l<s s, [ A dge ) (7 )1
h
(4) $T(An) < C(r, )™ [}, max (1, o 1*/", (m(”“”)) with
C(r,d) being a universal function in r and d.

Proof. We argue by induction on m. Assume the family (¢7 : [0,1]¥ O
)icT(A,,) is already built for A, = (ao,--- ,an—1). We proceed to the in-
ductive step by building the required family of reparametrizations with re-
spect to A1 = (ag, -+ ,am,). From the formula for the derivatives of a
composition and the induction hypothesis we get therefore for any ¢ = ¢."* :

7= (& Ardgiy (7 08) ) | = 7 (£ A djmosagiofms1 @ Ay (7™ 05) ) |,

< Arid) max [[d (A¥df ) [ [AFdy (77 0 )]

< A(T, d) max (1, ”A d[)fm+1||> mtax HA dqﬁ(t)(fm 05)H

and

[d" (f" ! o5 0¢) | = [d " (djmosogfmr1 © do (" 0 5)) |,
< A(T’, d) ma‘X(17 Hdofm+1H) )
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for some universal function A in r and d.

We use now the following lemma which is a slightly different version of
the Main Lemma in [10].

Lemma 5. Let Go : [0,1]° = R¢ and Gy : [0,1]¢ = R be respectively C"
and C* maps. We denote by B, and Ber the unit Euclidean balls of RE and

1"

R®". Then there exists a family (¢; : [0,1]° O)jes such that :

d Ujejlm(d)]) DGO ( e)mGl (Ber),

e Vi e JVk=0,..,r |d(Goo;)| <1,

e Vi e T Vk=0,..,s, ||d*(Giov;)| <1/12,

e 17 < B(r,s,e,¢',e") x max (1, ||d"Gol|/", ||d*G1||*/%) for some uni-
versal function B.

The proof follows the same lines, the unique difference being that one
applies the Algebraic Lemma in [10] simultaneously to the interpolating
polynomials of Gy and G with respective (maybe distinct) degrees r and s.

To conclude the inductive step we apply Lemma 5 for every ¢ € Z(A,,)

with the C"~! map G : s — Ay (7o)
L etmmax, o 1k [[A%dgm ) (Fos)|

Go = f" o5 0 ¢! (for any t € Im(¢") N Cs(Am+1) we have [|G1(t)| <
1). We let v, j € J = J(¢]"), be the resulting reparametrizations.
The maps ¢sz+1 = ¢ o 1p; over all (i,j) € Z(Ams1) = {(i,)), i €
Z(Ay) and j € J(¢") with Im(¢" o ¥;) N Cs(Ami1) # 0} give the re-
quired family of reparametrizations for the (m + 1) step. Let us just check
the new reparametrizations gb’i“*l satisfies (3) for any s =1,...,r — 1 :

and the C" map

(= Ay (P 09)) [ < e max 1Ay (77 0 9)ld° (G o w5)]

uel0,1]F
edm=— 1
< max ||[A*d m os)l,
< S ma, A (7 o))
eam—l
< min ||A* dgm(uy(F™ 0 5)|-
u€l0,1]%
Since we have Im(q§m+1 0 ;) N Cs(Am+1) # 0 there exists v € [0, 1], with
|ARd S () (fmt1os)|| ,
74,] a’nl_
TAFd it ) (oo >e and therefore
¥

am—1

S k m—+1 €
(1 Ard i (77 09)) || <

||Akd¢%_+1(v)(fm os)ll,
1 m
< *HAkd(p;nﬂrl(v)(f o),

1 m
< - max ||AF dd);m;tl( ) (F og).

2 uelo,1]*
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This concludes the proof of Proposition 7. ([

A sequence A, = (ag, -+ ,am—1) is said A-admissible for A € R when
B*(An) N{(y,v) € A*(TRY), |jv]| =1 and [|[A*dyf™(v)]| > €™} # 0.
In particular we have then Zﬁal a; > mA.
Let F be the real function R > ¢+ ¢ [t log(t™) + (1 — t7 1) log(1 — ¢~ 1)],
in particular F(t) < tlog2 for all ¢ and limy_, o @ = 0. By a standard

combinatorial argument (see e.g. Lemma 8 in [5]) we have :

Lemma 6. Let A € R. Assume |log™ |AFdofi|| — log™ |A*d,fil|| < 1 for all
l € Nandy € B. Then the number k,, of A-admissible sequences A, is
bounded from above as follows

loifm < FOGm) +2- A),

1 -1
where N*(Fm) == 5 Y% log™ [[ARdofi|
We are now in position to prove the Reparametrization Lemma.

Proof of the Reparametrization Lemma. Without loss of generality we can
assume a < —1. Fix then v > 0 and x € X and take a positive integer p
precised later on. Let N* 5 n =p(m —1)+ ¢ with m,qg € N* and 0 < ¢ < p.
As in the previous works [25, 10, 5] we may replace! o by s = o 'o(a:) for
a > 0 and the local dynamic of f around z of time n by the nonautonomous
system §p, = (f1)o<i<m defined on the unit Euclidean ball B of R¢ by §; =
o LfP(fPle + o) for 0 <1 <m—1and f,_q = o LfI(fPm Vg 4 o.). We
assume here without loss of generality that M is the d-torus R?/Z? and «
is less than 1 (in general, without an affine structure, one should conjugate
f with the exponential map at f'z to get a map f; on B C R? and take a
less than the radius of injectivity of (M, || - ||). Moreover one has to replace
the Euclidean norm by the Riemanian norms along the orbit of x, in the
nonautonomous system).

We may take a > 0 so small that [log™ | A¥dof|| — log™ ||A*dyfi||| < 1 for
all 0 <! <mand y € B. We have p/2 < n/m(< p) once m > 2. Therefore
in this case a an/m-admissible sequence A,, is ap/2-admissible. It follows
then from Lemma 6 that the number k,, of an/m-admissible sequences A,
satisfies

P8 Fm B (AF(Fm) +2 — ap/2),

Moreover we have
B¢(z,n,a) C Bg,,

10f course we only reparametrize in this a way the subset o(af0,1]¥). But one can
reparametrize similarly o(Cq) for any subcube Cq of [0,1]% of size a and we only need [a~1]¢
such subcubes to cover [0, 1]*.
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and for all t € a0, 1]*

IA*di(f" 0 )| _ |IA*da—1e(f™ 0 5)I|

[Akdio| [ ARdg-1y8]

Therefore we get

U{aCs(Am), A, an/m-admissible } D

{t e a[o l]k HAkdt(f”oa)H

>e" and o(t) € B(z,n,a) .
Mol > (t) < B( )}

For v > 0 we take r such that

ea

k
1. ||A*d =1
max(L, |ldf[¥/7) x <ma"( I A7df ”)> < efo,

We consider then an integer p so large that

6 (2k + log C(r,d))
Y

p>

and

sup F(z) _ Y
z>py/3log2 T — 2 6k max(log deH7 |CL’)

This last constraint allows to control the number k,, of an/m-admissible
sequences A, (observe \¥(F,,) < pklog™ |df||):

log kp,
B < F (N (Fm) +2 - ap/2).,
m
< max ()\k(ﬁm) - ap/2> sup , sup F(x)],
x>py/3log2 r—2 x<pvy/3log2
o (7 (Rlog™ dfll +lal/2) g
- 6k max(log™ ||df ||, |al) ’ ’
log &k,
B < py/3.
m
Moreover, for any an/m-admissible sequence A,, = (ag, - ,am—-1) we

have %j\lkdoh”) > 1/e? for any 0 < < m and therefore
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m—1 b
max(1, ||A¥d, —1
C(r,d)™ H max | 1, ||dofi||*/", < (L | ofl”)>

e
1=

m—1 m—1 _k_
1, [|A* 1
< (GQkC(T, d))m max <1a ||d0fl||k/7’> > | I (maX( ) ” dOle)) ,

e
=0 =0

~

n

. (62160(71’ d))m max(l, deHk/r) x (max(L HAkde)) —1 ,

e[l

< erC(r, d)em/?’,

where the last inequality follows from m < 1+ % <1+ m).

We fix finally a@ > 0 so small that ||d°f;|| < a*7L||d*f| < 1 for all s =
2,---,r and for all | € N. The reparametrizations (¢}");cz(4,,) built in

K3
Proposition 7 with respect to §, over all an/m-admissible sequences A,, then

satisfies the conclusion of the Reparametrization Lemma after a rescaling of
size a:

[ ]
U {0@?([07 11%), i € Z(A,) and A, an/m-admissible }
2 U{acg(Am), Ap, an/m-admissible }

[A*dy (" 0 0)|
|Akdyo|
By taking a subfamily we may assume the image of each reparametriza-
tion has a non empty intersection with this last set.
o VA, i € I(An),
[d(f"cooag)] = alldf" osod)|,
< a<l.

D {t € af0,1]%, >e" and o(t) € B(x,n,a)} :

e VA, i € Z(Ay), we get from Lemma 7 (with the notation || A*dyg|| :=
maxX,c[o, 1]k ||Akd¢(u)gH for maps ¢ : [0,1]¥ ¢ and g : [0,1]¥ — R? or
M):

I (1 Adggy ("0 0)) || = lld (£ = Ardgn iy (7 05)) I,
1 m
< §||Akd¢;n(f os)ll,
1 n
< §||Akda¢;n(f oo)l.
Then it follows from the mean value inequality :

1
Vi, 1" € [0,1]%, A dagm ) (f"00) = Nidggm @y (foo)|| < §\|Akda¢;"(f"00)\|
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and by the triangular inequality
[A  dagm iy (F™ 0 0)|| = [N dggm ey (f™ 0 0)|| - %\\Akdaw(fm oo)l.
Finally we get by taking the maximum over ' € [0,1]* :

m 1 m
1A sy (f OU)IIZ§IIAkda¢;”(f oa)ll.

tH{o", i € Z(Ay) and A, an/m — admissible}
< > 4T (Am),

Am an/m—admissible
< e%C’(r, d)re””/‘?k‘m,
< 2R C(r, d)re/3e1mP/3,
< €™ for n large enough (with p staying fixed).
[l

Remark 8. In the proof of the Main Theorem below, we will only need to
apply the Reparametrization Lemma for a > 0.

4. PROOF OF THE MAIN THEOREM

For 1 < k < dand a < y* we let PLF = PL(Lebyyksqy) be the set of
points x in M with pw(z) C PL(Lebyyrsqy). Recall Lebg ks gy (PLF) = 1.

Proposition 9. Forany 1 <k <d and a < ? we have
Vo € PLY 3u, € pw(z), hlus) > a.

We first prove the Main Theorem assuming the above Proposition 9. Let
A be a countable and dense subset of RT. The countable intersection E
over 1 <k < d and a; € A of the sets PL’;k U {x* < ay} has full Lebesgue
measure. Fix x € E and let us show that there exists p, € pw(x) with
h(uz) > x4 (z). We may assume x5 (z) > 0. Take k with x*(z) = x (z).
For any a; € A with a, < x*(x) we have h(u.) > a, for some p, € pw(z),
according to Proposition 9. Since A is dense in Rt and the metric entropy
is upper semicontinuous we conclude that
sup h(p) = max h(n) > xj (2).
HEPW(x) pepw(z)
Proof of Proposition 9. Fix x in PLF. For all € > 0 the set £ = {y, x*(y) >
a and o (pw(y), pw(z)) < €/2} has positive Lebesgue measure (by defini-
tion of PL¥). Let F be the subset of E and let U be the F-foliation box
given both by Lemma 3. Fix 7, e > 0. As the foliation is smooth, there is by
Fubini’s theorem a leaf L of F intersecting F' in a set of positive Lebesgue
measure (for the Lebesgue measure Leby, induced on the smooth leaf L). Let
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V be a finite cover of pw(x) by balls V' of radius § centered at zy € pw(z).
We put for all integers n and for all V € V

BY(=B) ()= {ye LNF CU, |[A*f™(T,F)|| > e
and 0(un, V) < €/2}.

By Borel-Cantelli Lemma we have Leby(BY') > e~ for some V' € V
and for n in an infinite subset I, of positive integers. Indeed if not we
should have Leby (limsup, BY) = 0 for all V € V, but as by Lemma 4
we have LN F C {y, x*(y,T,F) > a and ¥ (pw(y),pw(z)) < €/2} C
Uy ey limsup,, BY, it would contradict Leby,(F) > 0. For n € I, we let
be the probability measure induced on B) " by the Lebesgue measure Leby,
on L and v, = %Z?;()l flun = [ ph dun(y). By convexity of the metric
we have 0(vp, pw(z)) < (vp, zy) < €.

Lemma 7. With the above notations, any weak limit v = V?f of (Vn)nel. .,
when n € I, goes to infinity, is e-close to pw(x) and satisfies

h(v) > a— 2.

We postpone the proof of Lemma 7. To conclude the proof of Proposition
9 (admitting Lemma 7) we consider a weak-limit p of v¢' f when € and v both
go to zero. Clearly p € pw(z) and by upper semicontinuity of the metric
entropy we get h(u) > a. O

Proof of Lemma 7. Let a be the scale given by the Reparametrization Lemma
with respect to v, k and a. We consider a partition P of M with diame-

ter less than a. By standard arguments we may assume the boundary of

P has zero v-measure ; in particular the static entropy p — H,(P™) is a

continuous function for any m at v. By Lemma 4

1 1
Vm, —H,, (P™)> —(H,,(P") —3mlogiP).
m n
By taking the limit when n € I , goes to infinity we get

1 .1
Let P’ being the element of the partition P" containing y € M. Then we
have

H,,(P") = / ~10g ttn (P2)djin (4).

We apply the Reparametrization Lemma at a given point y to a C'°°° map
o :[0,1]¥ — M parametrizing the leaf L. By taking the foliation box U small
enough we can assume ||do|| < 1 and A¥dyo # 0 for all t € [0, 1]*. For n large
enough we let 6 be the resulting reparametrizations. The set P ﬂBXl(x) C
B(y,n,a)NBY (z) is covered by the images of the §’s. The Lebesgue measure
of each f" oo o8 is bounded from above by a universal constant C according
to the second item of the Reparametrization Lemma. From the first item and
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the third item we get ||Akd9(t)(f"oa)|| > |\Akd9(t)a||e”“/2 for any ¢ € [0, 1]*.
Together with the upperbound on the number of reparametrizations given
in the last item we have for n large enough (independently of y € M) :

Leb(Fy' 1 B, () < 3 Leb((0 0 0)([0,1"))),
0

<[ N daolinf )
4] )

<32 [ N7 e o) lIN 0]
0 )

<D 2e " Leb((f" 00 00)([0,1)),

0
< 2Ce"4{0),

Leb(Py' N BY'(z)) < 2Ce ™ x ™.

But for n € I, we have also Leby,(BY'(x)) > e so that we finally get
for large enough n € I. 5 and for all y € M

pn(Py) < 2Ce™™ x e,

H,, (P") > (a—2y)n—log(20)

and for all m

1 1
—H,(P™) > liminf —H,, (P") > a—2y.
m

n€ley N
By taking the limit in m we conclude

h(v) > a — 2.

APPENDIX A. COUNTER-EXAMPLE FOR C" INTERVAL MAPS FOR ANY
FINITE 7

For any positive integer r we give an example of a C” (but not C™*1)
interval map h : [0,3/2] O such that for x in a positive Lebesgue measure
set the following properties hold:

(1) the empirical measures (), are converging to the Dirac measure at
a fixed point (therefore with zero entropy),
: _ log[|h]loo
(2) the Lyapunov exponent at x satisfies x(r) = == > 0.
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Consequently the Main Theorem does not hold true in finite smoothness.

Step 1: Let A > 1. We first consider a C" (even C'*°) interval map f :
[0,3/2] © with the following properties
e f(0)=f(1) =0,
e f has a tangency of order r at 1, i.e. f(k)(l) =0fork=1,..,r,
e f is affine with a slope equal to A = || f’||c on the interval [0,1/A].

Step 2: After a small C'*° perturbation of f around 1 we may build a new
map ¢ such that for some ng and n > ng, ¢¥(1 — 1/n) lies in [0,1/A] for
k=1,.,m—1and ¢" (1—1/n) =1—1/n+ 1. Indeed these conditions
require g(1—1/n) = (1—1/n+1)A"""*1 = o(1/n"), so that one can choose g
arbitrarily C'* closed to f by taking ng large enough. For the interval map
g, the empirical measures at 1 — 1/n are converging to the Dirac measure at
the fixed point 0. We may also assume ¢ is constant on J,, :=[1 —1/n,1 —
1/n — 1/2n?] for n > ny.

\/\\ .
i >~
| | |

3/2
0 N o i1 1 /

Figure 1: The graph of g in red. The arrows and points in blue represent
the orbit of 1 —1/n € J,.

Step 3: We lastly modify g on J,, n > ng such that the resulting map h
satisfies the desired properties. Let us first introduce an auxiliary family of
functions (f,)pen. For any p we define f, as the tent map = — max(z,1—x)
on [1/p,1/2 —1/p]U[1/2+ 1/p,1 —1/p]. We extend it into a C” smooth
interval map in such a way f;, vanishes and admits a tangency of order r at
the points 0,1/2 and 1. Finally we extend f, periodically on the whole real
axis. The intervals [1/p,1/2—1/p]+k and [1/2+1/p,1—1/p]+k for k € Z
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are called the affine branches of f,. Observe that the C" norm? of fp may
be chosen of order p". Then we let h be & — ap fr2 ((z — 1+ 1/n)2n2N,,) +
g(1 —1/n) on J,, where o, € R* and N,, € N are chosen such that

e for each affine branch I, in J,,

R*(I,) C [0,1/A] for k=1,...,r" — 1
and
W (In) = Jnta,

e the C" norm of h on J, goes to zero with n.

The first and second conditions are respectively fulfilled whenever
M, (1/2 = 2/n%) = 1/2(n +1)2

and

Jmax | F oo X an x (20%N,)" ~ 1% X an x (20°N,,)" = 1/n.
=1,..,r

L0
w Jos1

Figure 2: The graph of h on J, in red. The arrows and intervals in
blue represent the image Jn+1 of an affine branch I, under h™ .

Conclusion: Let E,, = |J I, I,, be the union of affine branches in J,, and let
E =E,, el A Eno+1N B0 *’“nOHEnOJrg N... be the subset of points in .J,,
visiting successively the sets E,, n > ng. Clearly E is contained in the basin
of the Dirac measure at 0. To conclude it remains to see that E has positive
Lebesgue measure and that x(x) > @ for any x in E. The set E is an
affine dynamically defined Cantor set where we remove a proportion of 4,/n?
at the n'" step. Therefore Leb(E) = Leb(E,,) 1,50, (1—4/n?) > 0. Finally
as log |1/| is equal on I, to log(andn®N,) ~ “Llog oy, ~ —r"~1(r —1)log A,
the Lyapunov exponent at any = € F is given by

1
x(z) = limsup —log|(hP)'(z)],
P p
rv— e —
= log Alim Zqznzno( ~ ( )),
q ZnZno r
_ log A
= .

8The O™ norm of a C™ smooth interval map f is the maximum over k = 0, ..., 7 of the supremum
norms || f)]|s0.
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Observe that any point in £ is not recurrent.

APPENDIX B. ESSENTIAL RANGE OF z — pw()

We recall here the definition of the essential range of a Borel map with re-
spect to a Borel measure. Finally we relate the set of physical-like measures
of a topological system (M, f) with the essential range of M > x — pw(x).

We consider two metric spaces X and Y with Y separable. Let m be a
Borel measure on X and ¢ : X — Y be a Borel map.

Definition 1. With the above notations the essential range Im,,(¢) of
¢ with respect to m is the complement of {y € Y, 3U open with y €
U and m(¢~'U) = 0}.

The set Tm,,(¢) is a \ closed subset of ¥ and for m-almost every x the
point ¢(x) belongs to Im,,(¢). Moreover it is the smallest set satisfying
these properties.

Lemma 8. Let (M, f) be a topological system. The map pw : x — pw(x)
from M to KM(M) is Borel.

Proof. As the set M (M) is separable, it is enough to show pw~!(B) is a
Borel subset of M for any closed ball B of KM (M). Let B be the closed ball
of radius € centered at K € KM(M), i.e. the set of compact subsets K’ of M
with K’ C K. and K C K. where K, and K/ denote respectively the closed
e-neighborhoods of K and K’. Firstly observe that {x € M, pw(z) C K.} is
closed. Then for a fixed sequence (&, )ncn dense in K the following properties
are equivalent :

K C (pw(x))e,
& (kp, pw(z)) <€ for all n,
& liminf, 0(ky, pf) <€ forallnand Q 3 € > e.

The fonctions z +— 0(ky, 1b) being continous we conclude that pw=!(B) is a
Borel set. O

Lemma 9. The set PL(m) of physical-like measures is the union of all
K € Imy,(pw).

Proof. Firstly, the set Im,,(pw) being a compact subset of XM (M), the set
Ukemm,, (pw) I 18 @ compact subset of M. Therefore, from the definitions we
get PL(m) C Ugem,, (pw) I~ We argue by contradiction to prove the con-
verse inclusion. Assume there is K € Im,,(pw) such that K is not contained
in PL(m). Then this also holds for any K’ close enough to K. Therefore
there exists an open neighborhood U of K such that pw=!(U) has positive

m-measure and for all z in this set pw(z) is not contained in PL(m). It is
impossible by definition of PL(m). O
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