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Lyapunov exponents
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X a Borel space and f : X () measurable,
m: V — X a measurable fiber bundle over X equipped with a
measurable Riemannian metric || - ||x on each fiber V, := 77 1x,

F : V O a measurable bundle morphism with mo F = f o 7.

Definition (Pointwise Lyapunov exponent)

For x € X and v € V, we let

X(x,v) —|Imsur>flogHF"( ) £ox-

n—-+o0o

For a fixed x, the set {v, x(x,v) < A} is a vector subspace
nondecreasing in A € RU {£o0}.
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Definition (Lyapunov flag )
There exist

o r=r(x) € N\ {0},

e vector spaces V= Vi(x) D --- 2D Vi(x) #0,

® 400 > x1(x) > - xr(x) = —00

s.t. Vv € Vi(x) \ Vis1(x), x(x,v) = xi(x).

The maps r, xi, V; are measurable. Moreover r and x; are
f-invariant. |

Let denote by (X;(x))j=1,... dim(v) the Lyapunov exponents at x
counted nonincreasingly W|th multiplicity, i.e.

t{J, xj = xi} = dim(V;) — dim(Vit1).



X the top Lyapunov exponent of AKF : AKV (9,

XA = max, x¥ the top Lyapunov exponent of
AF i AV = @AV O

Definition

x Lyapunov regular when x*(x) = Zjlle xj(x) for all k.
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X the top Lyapunov exponent of AKF : AKV (9,

XA = max, x¥ the top Lyapunov exponent of
AF i AV = @AV O

Definition

x Lyapunov regular when x*(x) = Zjlle xj(x) for all k.

Remark : X/\ ZXJ ) for x Lyapunov regular.

Theorem (Oseledets)

Lyapunov regular points have full u-measure for any . € M.
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Empirical measures

(X, d) compact metric, £ : X O continuous,
(M, 0) compact set of f-invariant probas.

For x € X, we let pw(x) be the compact subset of M consisting of
accumulation points of the sequence of empirical measures

1 n—1
(tn)n = (n Z 5ka>
k=0

neN
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Empirical measures

(X, d) compact metric, £ : X O continuous,
(M, 0) compact set of f-invariant probas.

Definition

For x € X, we let pw(x) be the compact subset of M consisting of
accumulation points of the sequence of empirical measures

1 n—1
(tn)n = (n Z 5ka>
k=0

(KM, 0H24) compact set of nonempty closed subsets of M.

neN

Remark : pw : x — pw(x) from X to KM is Borel measurable.




Statements

f: MO acCl map,
Lyapunov exponent w.r.t. derivative cocycle df on TM.
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Statements

f: MO acCl map,
Lyapunov exponent w.r.t. derivative cocycle df on TM.

Theorem (Ruelle)

Ve M, h(p) < /XX dp.

For a C* system the converse inequality holds physically :

Main Theorem
f C*,

for Leb a.e. x, max h(u) > xi(x).
peEpw(x)

There are C" counterexamples for any finite r > 1.
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B, := {x, pw(x) = {p}} basin of u,
o is physical when Leb(B,) > 0.
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B, := {x, pw(x) = {p}} basin of u,
o is physical when Leb(B,) > 0.

Let i be a physical measure of a C*° system. Then

h(i) > xalB,;

with X/\lBu the essential supremum of x on B,,.

For the C* Bowen eight's attractor, we get x1(x) = 0 for Leb-a.e.
X in the eyes.
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Essential domain and image

X, Y metric spaces, Y separable,
¢ : X — Y Borel measurable,
m Borel measure on X.

Definition (Essential image)

Imy(m) :=={y € Y, YU € V(y) m(¢~*U) > 0}.
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Essential domain and image

X, Y metric spaces, Y separable,
¢ : X — Y Borel measurable,
m Borel measure on X.

Definition (Essential image)

Imy(m) :=={y € Y, YU € V(y) m(¢~*U) > 0}.

The essential image is the smallest closed subset K of Y for which
¢(x) € K for m-a.e. x. For Y =R the essential supremum is

¢ = sup (Img(m)).

Definition (Essential domain)

Domg(m) := {x € X, ¢(x) € Imy(m)} .

The essential domain has full m-measure.
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Key Proposition

Fix a < xk and let Leb, = Leb | (xk>a}-

Proposition

For x € Domyp,,(Leb,), there exists i € pw(x) s.t.

h(p) = a.
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Proof of Main Theorem : For (a;)/en dense in Rt we let

Fi = {x* < a;} UDomp,(Leb,,).
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Key Proposition

Fix a < xk and let Leb, = Leb | (xk>a}-

Proposition

For x € Domyp,,(Leb,), there exists i € pw(x) s.t.

h(p) = a.

Proof of Main Theorem : For (a;)/en dense in Rt we let

Fi = {x* < a;} UDomp,(Leb,,).

Then Leb(["), F/) = 1. Moreover for x € (), F; and for a; with
xX*(x) > ay, there is 1y € pw(x) with h(u) > a;.
By u.s.c. of the entropy, any accumulation point u € pw(x) of

(w1,),, with aj, ZAN x¥(x) satisfies

() > limsup h(y,) > lim a;, = x*(x).
n n
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Geometrical method for SRB measures in UH systems

Building SRB measures for a C1* uniformly hyperbolic system :
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@ Bounded distortion : for a partition P with small diameter, we
have for all x :

e P!N D, is contained in a u-disc with exp. small size,
o y +— Jac(df,|g,) is Holder,

therefore m(PY) < C/Jac(df)|g,),
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Geometrical method for SRB measures in UH systems

Building SRB measures for a C1* uniformly hyperbolic system :

@ Expanding disc : D, a local u-disc, m Lebesgue proba w.r.t.
the inherited Riemann structure on D,,

@ Bounded distortion : for a partition P with small diameter, we
have for all x :

e P!N D, is contained in a u-disc with exp. small size,
o y +— Jac(df,|g,) is Holder,

therefore m(PY) < C/Jac(df)|g,),

(5 Entropy computation : for i, = £ 3778 f¥m and
= limy ptp, with p(0P) =0, we have

1
h(p, P) > lim sup —— / log m(Py*) dm(x).
k k
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We get

1 1
~= [ log m(P¥) dLebp, (x) — | log Jac(df™|g,) dm,
& k

v

I
/Iog Jac(df|g,)dun,,

v
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We get

1 1
- log m(PJ*) dLebp, (x) - log Jac(df "% |g,) dm,
k k

v

I
/Iog Jac(df|g,)dun,,

v

then by letting kK — 400

1
Iimsup—n/logm(P)’:k)dm(x) > /IogJac(dﬂEu)du,
K k

Al
h(w)
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Main lines of the proof

x € Domp,(Leb,), ie. pw(x) € Impy(Leb [(yks )
@ NU Expanding disc : D a C*° embedded k-disc and E C D
with Lebp(E) > 0 s.t. forany y € E
o X*(y,¢(T,D)) > a with ¢ the Pliicker embedding,
o 2 (pw(y), pw(x)) < 1.
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Main lines of the proof

x € Domp,(Leb,), ie. pw(x) € Impy(Leb [(yks )
@ NU Expanding disc : D a C*° embedded k-disc and E C D
with Lebp(E) > 0 s.t. forany y € E
o X*(y,¢(T,D)) > a with ¢ the Pliicker embedding,
o 2 (pw(y), pw(x)) < 1.
@ Borel-Cantelli argument : for n € J C N with §J = oo, subset
E, of E with Lebp(E,) not exp. small s.t. for any y € E,
o [|A\*dfS(u(T, D))l > ™,
o (uy, pw(x)) <1,
m,, proba induced on E, by Lebp,
© Bounded distortion for Jac(df|rp) : P a partition with
diameter less than the scale € in DRL for C* cocycles,
© Entropy computation : for p, = L 32020 f¥m, and
w = limg pp, with ©(OP) = 0, we have
0 (p, pw(x)) < 1 and

h(u, P) 2 a.
We conclude by u.s.c. of the metric entropy on M.
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Step 1. Choice of D and E

x € Domyp,,(Leb,), thus Vn > 0,

E'={y, x*(v) > a and 2"(pw(y), pw(x)) < n}

satisfies Leb(E’") > 0. By reducing E’ the Lyapunov space V) w.r.t.
A¥df is continuous on E’.

Let z be a Lebesgue density point of E’ and U € V(z) s.t.
Vy e UNE', (Hy,) ¢ Vao(y) for some constant k-distribution H.

Since Leb(U N E") > 0 one may take by Fubini D C H, with
Lebp(E’) > 0 for some y € UNE'. Put E = E'ND.
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Step 2 : Borel-Cantelli argument

Take
Eq:={y € E, |\“df,(«(T,D))|| = €™ and (s}, pw(x)) < 1}.
For v > 0 small error term, let us show that
3J € N with |J| = 400 s.t.

Lebp(E,) > ™.

Argue by contradiction :

[Vn € N Lebp(E,) < e "]
= [Lebp(limsup, E,) = 0.]

But limsup, E, D E and Lebp(E) > 0...
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Step 3 : Bounded Distortion Lemma for maps

f: MO acC*>® map,

o :(0,1)k = M a C*™ immersed disc,
i.e. with inf, [|[Ad,a|| > 0,

x e M.
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Step 3 : Bounded Distortion Lemma for maps

f: MO acC*>® map,

o :(0,1)k = M a C*™ immersed disc,
i.e. with inf, [|[Ad,a|| > 0,

x e M.

Yy > 0Y5 € R, 3e = €(f,7,0) and C = C(f,o,7,5) > 0 st.

For any n € N* there exists ©, = {0,} family of rep. of (0,1)
satisfying :

° Uene@n Im(0,) D {t € 07 1Bu(x,¢€), ||Nd:(f" o 0)|| > e"‘;},
°o V0, 0,Y0< I <n, |[d(f'looob,)| <1,

[A*de(fo0)|
e V0, € ©,, Vt,s € Im(6,), [AFde (700 )| <e,

e 1O, < Ce".
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Proof of Bounded Distortion Lemma for diffeomorphisms :

f: MO aC> diffeomorphism,
o :(0,1)k = M a C*™ immersed disc,
x e M.

16/19



Proof of Bounded Distortion Lemma for diffeomorphisms :

f: MO aC> diffeomorphism,
o :(0,1)k = M a C*™ immersed disc,
x e M.

Vv >0, Je = ¢(f,v) and C = C(f,0,7) > 0 s.t.

For any n € N* there exists ©, = {0,} family of rep. of (0,1)k
satisfying :

o U co, Im(fn) D 071 Bs(x,¢),

°o V0,c0,Y0< I <n, |[d(f'ooob,)| <1,
IA*d(fo0)|]

e V0, € ©,, Vt,s € Im(0, ), [AFde (700 )| <e,

e 10, < Ce".
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DRL for C* Cocycles

7V — M a C* Riemannian vector bundle over M,
F:V O aC* semi-invertible bundle morphism with mo F = f o,

SF : S(V) © associated sphere bundle automorphism,
¢ :S(V) — R a a-Holder potential with 0 < a < 1,
M:(0,1)k = S(V)acC>®adisc, c =7orl,

x e M.

Vy >0, Je = €(F,,7) and C = C(F, ¢,0,7) > 0s.t.

Lemma

For any n € N* there exists ©, = {0,} family of rep. of (0, 1)k
satisfying :

o Up,eo, Im(6h) D 0~ 1Bf(x€),

o V0,€0,V0</<n, |[d(SF'olob,)| <1,

e V0, € ©,Vt,s € Im(0,), |Snod(T(t)) — Snpp(T'(s))] < 1,

o 10, < Ce™™.
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We consider
o the bundle morphism F = AKdf on AKTM,
e the k-disc I in S(AKTM) induced by the immersed disc o, i.e.

B Nedo(t)
0= (79 st )

o the C™ potential ¢ : (x, v) — log [|AXdf(x, v)]|.
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We consider
o the bundle morphism F = AKdf on AKTM,
e the k-disc I in S(AKTM) induced by the immersed disc o, i.e.

B Nedo(t)
0= (79 st )

o the C™ potential ¢ : (x, v) — log [|AXdf(x, v)]|.

Then we get

k ns g
S (I (t)) = log <”A \CKEZWH )”>

... and BDL follows.
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Step 4 : Entropy computation

o :(0,1)k — M a smooth reparametrization of D,
m,, proba induced on E, by Lebp for n € J,

e>0and ©,={0,} asin BDL at x € E,,,
P partition with diam(P) < e,
O, ={0, € ©,, Im(0,)NE, #0}.
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1
mp(P)) < Leb( )Zvolk(UOH,,),

0,€0,

Leb Z e "ol (f" oo 06,),
0 €o,

e "0,
~ Leb(E,)’
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Step 4 : Entropy computation

o :(0,1)k — M a smooth reparametrization of D,
m,, proba induced on E, by Lebp for n € J,

e>0and ©,={0,} asin BDL at x € E,,,
P partition with diam(P) < e,
O, ={0, € ©,, Im(0,)NE, #0}.

1
ma(P7) < Leb( )Zvolk(aoen),

0,€0,

Leb Z e "ol (f" oo 06,),
0 €o,

e "0,
~ Leb(E,)’

Therefore for po = limy p1p, with p(0P) =0 :

mn(Py)

1
h(p, P) > liminf —= / log mp(Py) dmp(x) 2 a.
neJ n
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