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Examples of C" interval map with large symbolic
extension entropy

David Burguet,
CMLS - CNRS UMR 7640
Ecole polytechnique
91128 Palaiseau Cedex France

Abstract : For any integer » > 2 and any real ¢ > 0, we construct an explicit example of C”

interval map f with symbolic extension entropy hse:(f) > L5log||f'lec — € and [|f'||c > 2.

T.Downarawicz and A.Maass [11] proved that for C" interval maps with » > 1, the symbolic
extension entropy was bounded above by "5 log || f'||oo. So our example prove this bound is sharp.
Similar examples had been already built by T.Downarowicz and S.Newhouse for diffeomorphisms

in higher dimension by using generic arguments on homoclinic tangencies.

1 Introduction

1.1 Entropy of symbolic extensions

Let T be a dynamical system defined on a compact metrizable space X. We denote M(X,T)
the set of invariant probability measures of (X,T) endowed with the weak star topology and
M (X, T) C M(X,T) the subset of ergodic measures. A symbolic extension (Y, S) of (X,T) is an
extension which is a subshift of a full shift over a finite alphabet. Given a dynamical sytem one
can wonder if it admits a symbolic extension and how far this extension is from the initial system
in the point of view of entropy. The symbolic extension entropy function estimates this defect.
Let m: (Y,S) — (X,T) be a symbolic extension. We consider the fonction hZ,, : M(X,T) — R

defined by hl,, (1) := sup,.,_, h(v), where h denotes the usual Kolmogorov-Sinai entropy. Then

ext

the symbolic extension entropy function hse, : M(X,T) — R is defined as follows :

hs = inf hZ
sea(p) 1= . L. cxt (1)
where the infinimum is taken over all symbolic extensions (Y,S) of (X,T) (when there is no
symbolic extension, we put hge, = +00).

Finally the topological symbolic extension entropy hse,(7) is the infimum of the topological
entropy of the symbolic extensions of (X, T) :

hsex(T) = 7r:(szi)n_f)(X,T) hiop(T')

In fact the topological symbolic extension entropy hse.(7") is equal to the supremum of the
symbolic extension entropy function hge, [1].

M.Boyle and T.Downarowicz [1] reduce the problem of existence of symbolic extensions to the
study of the convergence of the entropy computed at finer and finer scale. Let us explain more
precisely their main result.

Let hy, : M(X,T) — R be the Katok entropy (cf Appendix) computed with precision € where
(er)r is a decreasing sequence converging to zero. One can define by induction the following

transfinite sequence (for a real map f on M(X,T) we denote f the smallest upper-semicontinuous
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function larger than f 1) :

e if o is a successor ordinal 2:

Ug = lim ug—1+h— hi
k—+40c0

e if v is a limit ordinal :

Uy = SUp Ug
B<a

The sequence (uq)q is stationary at some countable step a* (the ordinal o* is called the order
of accumulation of (X,T)). The main result of [1] can then be stated in the following way :

hsex = h 4 Uq~ (1)

1.2 Tail entropy

The tail entropy [15] of a dynamical system estimates the entropy appearing at arbitrarily small
scales : 1
h*(T) = lim lim lim sup — log sup r(n, d, B(z,n,€))
e—=06—0 p—stoo N reX

where B(z,n,¢) :={y € X, Yk =0,....,n — 1, d(T"x,T"y) < €} is the usual Bowen ball. In fact
the tail entropy satisfies also a variational principle [9, 4] and can be also written in terms of uq
and the sequence hy :

BT = lim b -t = sup  wi(p) (2)

k—+o0 HEM(X,T)

A system is said to be asymptotically h-expansive if h*(T) = 0. It was proved by M. Boyle, D.
Fiebig, U. Fiebig [3] that any asymptotically h-expansive system satisfies hgso, = h. Moreover it
follows from Yomdin’s theory [7] that h*(T) = 0 for C*° dynamical systems defined on a compact
smooth manifold M and therefore hg., = h for such systems. In fact Yomdin’s theory provides us
the following upper bound on the tail entropy for C" systems, which is due to J.Buzzi [7] :

. dim(M)R(T) 3

W (T) -

where R(T) := lim, +log||(T™)'||« for any riemmanian metric ||| on M. This upper bound (3)
is known to be sharp [14],[7].

1.3 Existence of symbolic extensions for C" maps

It is still unknown if general C" dynamical systems admit symbolic extensions. But it was recently
proved by A.Maass and T.Downarowicz in the case of interval maps [11]. If v is an ergodic measure
of a C! interval map f, one can define its Lyapounov exponent x(v) := [log|f’|dv. We consider
xt = max(x,0) and we denote x T its harmonic extension on M([0, 1], f) (the function x* is given
by the formula xF(p) = lim, 4 = [ max(log |f"|'(z), 0)dp(z) for all u € M([0,1], f)). Observe
that x*(p) < log || f']|ec-

lif f is bounded, then the function f can be written in the following form : f(u) = limsup,,_,, fv);if fis

unbounded, then we put ]?E +o0
2in this case we denote o — 1 the ordinal preceding «
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Theorem 1 [11] Let r > 1. Let f :[0,1] — [0,1] be a C" map, then for all ordinal o and for all
me M([0,1], f),

X (1)

<
ua(,u) =1

(4)

Moreover for all n € N,

In particular (according to (1)),

10g || f"lloo

hsea;(f) S htop(f)+ r—1

In higher dimension we conjecture :

Conjecture 1 Let r > 1. LetT : M — M is a C" map, then for all ordinal o and for all
peMX,T),
d
>ici X;r(ﬂ)
r—1
where (X;)i=1,....d denote the d Lyapounov exponents.
Moreover foralln € N,

U (M) <

n 1 d
i = (324 (S

k=1
In particular,
log R(T)

hse.r (T) S htop(T) + r— 1

(6)
1.4 Previous examples of higher dimensional diffeomorphisms with large
symbolic extension entropy

S.Newhouse and T.Downarowicz [10] built examples of C" (r > 1) diffeomorphism on any manifold

dim(M)R(T)r
r—1

of dimension > 2 such that sup,ev(x 1) fsex (1) is equal to . Therefore their exam-

ples would prove the upper bound (6) is sharp. They also gave C! examples without symbolic
extensions. Their examples are generic and the construction use homoclonic tangencies.

M.Boyle and T.Downarowicz [2] built explicitly a C" example on a manifold of dimension 4
with hger(T) > hiop(T) by adapting an example of C” diffeomorphism without measure of maximal
entropy due to M.Misiurewicz [14].

1.5 Main statements

In the following paper we prove that Theorem 1 is sharp.

Theorem 2 Let r € N*. There exists a C" interval map f, : [0,1] — [0,1] fizing 0, such that for

all integers n >1 :
1
un(30) = (Z ) log /710 > 0
k=1

where §o € M([0,1], f) denotes the dirac measure at the point 0.
In particular, if w is the first ordinal with infinite cardinal, we have :
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o ifr > 1, then u,(dy) = log 1/ llee ;

r—1

o if r =1, then u, = +00 and therefore f1 does not admit symbolic extensions.

Recall that x* (i) < log||f/||e for all invariant measure p. Therefore the inequalities (4) and
(5) of Theorem 1 are sharp for C" interval maps.

Remark 1 One could also wonder if for all C™ (r > 1) interval maps [ and for alln € N we have
SUP e pm((0,1], £) (Unt1 — un) (i) < %. In fact it is false : we explain in Section 3.5 how to
modify the previous example to get a counter-example.

Recall that T.Downarowicz and A.Maass (Theorem 1) obtain the following upper bound on
the topological symbolic extension entropy of a C™ (r > 1) interval map f :

log [ /'lloc _ T 10g [ f"[loo

hser(f) Shﬁ()p(f)+ r—1 — r—1

By using the construction of the previous example we prove this upper bound is sharp in the
following sense :

Theorem 3 Let r > 2 be an integer. For any e > 0, there exists a C" interval map f, . with
| f7.elloo =2 such that :

rlog [ fLle

hsez T,€ 2
(fre) 2 20

But we do not know if our example can provide a new one satisfying hses (fr) = heop(fr) +

log || f71loc
r—1 :

Our examples are in the spirit of those of T.Downarowicz and S.Newhouse : we accumulate
horseshoes at different small scales. The construction of such horseshoes is similar of examples
due to J.Buzzi of C" interval maps without measures of maximal entropy [7],[17].

2 Sex entropy by accumulating small horseshoes

We recall first the main idea used by S.Newhouse and T.Downarowicz [10] to get a lower bound
of the symbolic extension entropy by accumulating entropy at small scales. The following lemma
is valid for general dynamical systems. Recall that hj denotes the Katok entropy at some scale

€r, where (e ) is a decreasing sequence converging to zero. Also if p is a periodic point we denote

1
O(p) the orbit of p and v, 1= ——— Z dq the periodic measure associated to p.

10(p) q€0(p)

Lemma 1 Let T : X — X be a continuous map defined on a compact metrizable space X. Let p
be an invariant probability measure.

We assume that for all k € N, there exists periodic points (p enze+1 and

i17~--,i2k+1))(i17---,i2k+1)

invariant probability measures ([, ....iz)) (ir,....izp)enzs (we put NO = {0} and pg = p) such that :

1. for all (i1, ...,i01) € N?* the periodic measures Viiy... gy A€ converging to i, ... i)
when iopy1 goes to 400 ;
2. for all (i1, ...,iok11) € N**TL the measures ju;, . i,,,) are converging to V(i oomrig 1) when

lok+42 goes to 400 ;
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3. forallqg e N,
lim hl](:u‘(ihm,izk)) =0

iok — 400

4. the limits lim ( lim ( lim  A(pg,,..., i%))> ) exist.

i1 —+o00 \ ig—+o00 Qo) —+00

Then for alln € N :

Un(p) = ;illgrgm (ig% <mlirr+looh(u<u,...,m>)> ) (7)

PROOF : We prove (7) by induction on n. Assume the lemma for n and prove it for n + 1. By
definition, we have :

Unt1(p) = Hmh = hg + un (1)

Then for all ¢ € N we get by using the first and the second hypothesis and by upper semi-continuity
of h —hq+uy, :

h —/h_;_:— Un () > limsup (limlsup(h —hg + Un)(#(ﬁ,@)))
11 12

Then according to the third hypothesis :

h —/h_;_—T— Un (@) > limsup <limsup(h + un)(u(il)iz))>

11 12

and as the limits lim;, (limi2 h(u(“@))) exist, we obtain :

h —/f;;:— up () > lim (li‘m h(ﬂ(n,m))) + lim sup <lim sup un(,u(ihm)))
11 12

i1 2

We apply finally the induction hypothesis to each measure p;, ;,) to get :

un(/u(n,iz)) 2 Zisljj}m (METEOO (mliﬂim h(ﬂ(ih.“,izl))) >
1=2

We conclude that :

n
U'rH—l(:u) = ;le_lg_loo (wEI—I&-loo <i2lli>n_il_ooh(u(11,...,zzl))> )

In the following we also use the following equivalent version of the previous lemma :

Lemma 2 Let f: X — X be a continuous map defined on a compact metrizable space X with a
fizxed point p.
We assume that for all k € N, there exists periodic points ((i,.....izu.1))(i,...siox)en2e and in-
variant measures (H(i, ... iy 1)) (is,....ins1)eN2k+1 Such that :
1. for all (iy, ..., i01_1) € N7 the periodic measures Vi,
when iz goes to +00 ;

77777 1y GTE CONVETGING O [i(i,, iy )
. . Qk .
2. for all (i1, ...,721) € N*¥, the measures pi;, ... i,..,) are converging to Vi,

goes to +oo (lim,, p, =6, for k=0) ;

oevigg) when iop 11
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3. for all g €N,
lim hq(ﬂ(il,“.,izkﬂ)) =0

G2k +1—+00

4. the limits lim ( lim < lim h(u(il,._,izkﬂ))) ) exist.

i1——+00 \ ig—+o00 ik 41— +00

Then for alln € N :

n—1
DU I <i21ir£w (Wll@mh(um,..‘,m))) )

3 Our construction on the interval

3.1 Horseshoe for interval maps

The following notion of horseshoe for interval maps is due to M.Misiurewicz.

Definition 1 Let f be an interval map. A family J = (Ji,...,Jp) of closed disjoint intervals is
called a p horseshoe if J, C f(J;) for all j, k.

To simplify the notations we mean sometimes by J the union of the intervals defining the
horseshoe J. Remark that any subfamily K of J is itself a horseshoe. If J = (Ji,...,J,) isap
horseshoe ordered increasingly, i.e. if i < j then z; < xy for all (x;, z) € J; X Ji, we denote by
J’ the p — 1 horseshoe (J1, ..., Jp—1).

Let us denote Hy := (), o, T"J and ({1,...,p}", o) the one sided shift with p symbols. The
map 7 : (Hy, T) — (5, 0) defined by (7(z))x = ¢ if f*(z) € J, is a semi-conjugacy. In particular
hiop(f) > logp. In fact horseshoes characterize entropy of continuous interval maps [13] : if f
is a continuous interval map with entropy hsop(f) > 0 then for all A < hyop(f) there exists a p
horseshoe for f~ with log(p)/N > h .

In our construction we consider horseshoes of the following simple form.
Definition 2 Let f : [0,1] — [0,1] be a C" interval map and let p and N be integers. A (p, N)
quasi linear horseshoe (resp. a (p, N) linear horseshoe) for f is a p horseshoe ordered in-
creasingly J = (J1, ..., Jp) for f~ such that :

o |Ji|=|Jol=...=|Jp| ;

o f(J1)=f(a) =... = f(Jp) ;

e f is increasing on J; when i is odd and f is decreasing on J; when i is even ;

o fisaffine on J; foralli=1,...p—1 (resp. foralli=1,....,p) ;

o there exists J; < b; < Jiy1 such that fO (b)) =0 forl=1,...,r andi=1,...p—1;

° f;\;’(_}l) is affine.

The slope of a quasi linear horseshoe J is defined by s(J) := ||(f/N]1)/Hoo

We will write HY the compact fV invariant set associated to a (p, N) (quasi-) linear horseshoe
J=(J1,..., Jp) for f, that is HY := [, o f~ "V J, and we denote H; the compact f invariant set

associated, that is Hy = Uy_q  ny_y JE(HY).

We will use the following technical lemma :
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Lemma 3 Let f : [0,1] — [0,1] be a C" interval map and J = (Ji,...,Jp) a (p,N) quasi linear
horseshoe for f with slope s(J) > 1. Then there exists a sequence of periodic points (pn)nen in J'
with periods (N Pp)nen and a sequence of points (pl,)nen in J' such that :

e the periodic measures 7yp, converge to the measure of mazimal entropy of Hy: ;
o the sequence (f(pn))nen is monotone ;
o fNPu s increasing and affine on [pn,p.)] ;

o Jp C SN ([ pla))-

PROOF : Put K := f(J1) = ... = f(Jp). We assume f/]\;(_l is increasing (one can easily adapt the
proof in the decreasing case).The map 7 : (HY, fV) — ({1,...,p}", 0) defined by (7 (z)), = ¢ if
fN*(z) € J, for all k € N is a semi-conjugacy. As f is expanding on each element of J’ (because
5(J) > 1) the restriction of 7 on HY is one-to-one and therefore 7 : (HY, fV) — ({1,....,p—1}N, o)
is a conjugacy. It is well-known that the periodic measures are dense in M(({1,....,p — 1}, o)) :
in particular there exists a sequence (¢, )nen of periodic points of ({1,...,p — 1}, o) with periods
(P)nen such that the associated periodic measures converge to the measure of maximal entropy
of ({1,...,p—1}, ). One can also clearly arrange this sequence such that for all n € N the integer
#{k € [0,P, — 1], (6"¢,)o is even} is even. We put p, = 7~ '(g,) so that p, € J' is a periodic
point of f with period NP,. Moreover fN» is increasing near p, because we assume f/]\;(_l is
increasing and that #{k € [0, P, — 1], (0%¢,)o is even} is even. By extracting a subsequence one
can also assume that (f(py))nen is monotone.

The periodic measures 7,, converge to ZkN:_Ol e =ty € M([0,1], f) which is a measure
of maximal entropy of H; .. Indeed, as 7 is a conjugacy from (H%Y, fV) to ({1,....,p — 1}, 0)
we have h(m* 1, fV) = h(u,0) = hiop({1, s p — 11N, 0) = hyop(fN, HY). Finally it is easily
seen that h(%; Z{f:}} [, f) = Sh(n* ", fY) and heop(FY, HY) = Nhyop(f, Hyr) so that

Wy Yolo S s f) = heop (F, H).

Observe now that f% is affine on each interval which is a connected component of ﬂ,f;gl [N
because f is affine on each element of J’. Moreover the image by fN' of any such interval con-
tains J; for all i = 1,...,p because J is a horseshoe for fV. Let us denote [p!,p!] the interval
containing p,,. As fNPn is increasing near p,, and as J, stands at the right of p,, we conclude that

Tp € [Y([pn, p)))-
O

3.2 A model of C" interval maps with entropy of first order

The question of continuity of the entropy for smooth dynamical systems was studied early on.
M.Misiurewicz [14] gave the first examples of C" diffeomorphisms defined on a compact mani-
fold of dimension 4 without measures of maximal entropy. Then S.Newhouse [16] proved, using
Yomdin’s theory, that the entropy function was upper semi-continuous for C*° systems. Counter-
examples for interval maps appear much later. In his thesis [8] J.Buzzi built an example of C"
maps without measure of maximal entropy (see also [17]).

In Misiurewicz’s and Buzzi’s examples the stategy is the same : you construct ”smaller and
smaller horseshoes” converging to a fixed point such that their entropies converge increasingly
to the topological entropy. By a ”small” horseshoe J we mean that the orbit of the associated
compact invariant set H is contained in the e-neighborhood of some periodic orbit for € > 0 small.

In this section we recall the main idea in the example of J.Buzzi, which will be a model of
"first order” in our example. We first begin with the following easy lemma, which will be useful
in the next constructions :
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Lemma 4 1. There exists a constant 1 > My > 0 with the following properties.

Let a,b € [0,1]. Let « € RY and ¢,d € R with |c—d| < Myala—Db|". Then there exists a C*
monotone map f : R — R such that :

o [Ifllr = maxpon, e [ fP oo
o fla)=c, f(b) =
o f®(a)=f®b)=0fork=1,..r
2. There exists a constant 1 > My > 0 with the following properties. Let a,b € [0,1]. Let
a€RY, ceRand ¢ € R with d(b—a) >0 and |'| < Maala — b|""1. Then there ezists a
C> monotone map f:R — R such that :
o Hf”'r = MaXg=1,...r ||f(k)||oo S @
o fla)=c, |f(a) = f(O)| < ala—b["
o flla)=¢, f(b) =
o f®(a)=fHB(b)=0fork=2,..r
PROOF : (1) We are easily reduce to the case ¢ < b and ¢ < d. Let F : R — R be a C* non-

decreasing map such that F(0) =0 and F(1) = 1 and F*®)(0) = F®)(1) =0 for k = 1,...,r. Put
M = min(ﬁ7 1). Fix a,b, ¢, d, a as in the statement (1) of the lemma. We define f as follows

=|c—d|F(jla—b"'(.—a)) +c

Clearly f®)(a) = f®)(b) = 0 for k = 1,...,7 and f(a) = ¢, f(b) = d. Moreover ||f*]|, =
la— b Flc—d|||FP | <aforall k=1,..r

(2) We are easily reduce to the case @ < b and ¢/ > 0. Let F': R — R be a C* non-decreasing
map such that F(0) =0, F(1) =1, F'(0) = 1, F'(1) = 0 and F®)(0) = F®)(1) =0 for k = 2,...,7
Put My := min(ﬁ, 1). Fix a,b,¢, ¢, as in the statement (2) of the lemma. We define f as
follows

f:=Cla—blF(la—b"(.—a)) +c
Clearly f®)(a) = f®)(b) =0 for k =2,...,r and f(a) = ¢, f'(a) = ¢. We put d:= f(b). Moreover
¥ oo = la — b FFHF® || < a for all k = 1,...,7 and |f(a) — = | Jluy ['(D)dt] <
dla = bl Flloo < ala —D[".

O
We can now explain our model :
Proposition 1 Lete >0, A > 1, 0<p<p' < ¢ <qg<1andlet f:[0,1] — [0,1] be a C"

interval map, such that p is a periodic point of f of period P and f(q) = p, f®(q) = f®)(¢') =0
fork=1,...,r. We also assume there exists an integer S such that :

o f9(p) =p, i.e. S is a multiple of P ;
e [ is increasing and affine on [p,p'] with slope \ ;

e g€ f3([p,p)).

Then there exists a C™ interval map g such that f = g outside the interval 1, q[, || f'llcc = |9’ llco
and || f —g||» < €. Moreover there exist a strictly increasing sequence of integers (Ty,)nen, a strictly
increasing sequence of even integers (Ny)nen, a sequence of intervals ([Zn, Yn])nen and a sequence
of linear horseshoes (J™)nen such that :

o fO(x,)=fWO(y,)=0forallneNandl=1,..,r
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o J" C [xn,yn] Cl¢,q] for alln € N and lim z, = nETmyn =gq;

n—-+oo

ASTn
7Z@nIN,) T

e J" is a linear (N, ST, + 1) horseshoe for g with slope

log N,  log A
o lim fuop(J") = lim —on = 8

n—-+oo n— -—+o0o Tn r ’

Invariant probability measures supported by H jn» converge to the periodic measure associated
to p when n goes to infinity.

graph of g near q

Drawing 4
/

Drawing 5

Drawing 2 : Accumulation of small horsehoes

Proor :

Let ng be large enough such that g — n%) > ¢'. For all n > ng we put g equal to a N,, zig zag of
height W on [y, yn] =g — 2,g— 2 + 3%] as described on the above picture (Drawing
2).

More precisely for all i = 0,..., N, — 1 the map g is affine on the interval J}* := [z, + (i +
Dawan + (i + Day;] with slope fmayser and g(J) = .. = g(J§,) = lan,an +
WM] (we will specify a, later). Then according to Lemma 4 (2), one can extend g on the
whole interval [2,,y,] such that :

o g (z, + Zﬁ) =0for k=1,..,r and for : =0,..., N, ;

r—1

* 1(9) /(0 .yalllr < W ;
® 9(yn) = g(xn) € [an — mvan]~

We choose a,, such that f maps [a,, a,+ m] on the expanding part [p, p’] of £ during
a time T}, and then comes back on [z,,y,], that is £ ([a,,a, + m]) D [@n, yn]. We

choose T,, > T,,_; minimal for this property. This can be done because ¢ € f°([p, p']). In this way
we obtain for all integers n > ng a linear horseshoe J" = (J7', ..., J]’\‘,n) for g5T»*+1. The condition
onT, is:
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1 . 1
= = Nammenyr S A (8)

and the condition on a,, is :
fSTn (an) = xn

that is :
AT (an —p) =y —p

log N,,  logA
We deduce from the inequality (8) that 1i111 o? = OS

. One can also replace N,, by

N, — 1 to ensure N,, is even.

By using Lemma 4(1) one can now extend g in a C" way on the whole interval [z,,,g] such
that for all n > ng :

||g/[yn,$n+1]||’r >~ T o
My (yn $n+1)
B +;
> ]\41 n n+1 M2n2 (3n2Nn)7‘
6" 2 —T, 1 6r(1+1/M2)
< T ATIn <
B Mln < ! M2n2(3n2Nn)T> MN},

We extend g in a C" way on [¢, 2,,] by putting for all z € [¢/, zp,] :
_ ’ 9(xn,) — f(d) ( ( q—d o /) . / )
9(z) = f(d) + @) — @) f pra— (z—d)+4q") - fld)

One checks easily that g(¢') = f(¢') and g™ (¢') = g (2,,,) =0 for k = 1,...,7.
We conclude the proof by choosing ng large enough such that 6(]\14-5-7]1741\42) < € and

nQ
1(f = 9)/1g g1l < €

3.3 Proof of Theorem 2

We build a collection of C" maps (gr)renu{oo} defined on [0, 1] fixing 0 and with first derivative
bounded by 5. For all I € N and for all (i1, ..., i242) € N?*2 there exist points p;, .
[Ty, izisr» Yin,...viziss)» COllections of disjoint closed intervals J;, |
even integers N;

<.yio14e iNtErvals
integers F; T, and

w2041 21429 Ligi41

such that for all £ € NU {oo} and all integers 0 <[ < k we have :

2041

. .. . Siq,..., i
® Diy,.iisip € J] is a periodic point of g, '

U1 yeeny 2041

of period P;

20142

i f(m)(xi1w~,i21+1) = f(’rn)(yi17"'ai2l+l) =0 for m = I R

° 3

01, 0s82041 - [mih-w;iQH—l’yi1y~-~7i2l+l] C [mil,m,im—uyi17-~~,i21—1] ’

® Jiy,..iny, 18 @ quasi linear (Nj, ,, S5, .. iy Tiy,, + 1) horseshoe for g and J;, is a

linear horseshoe ;

cei2k 41

[ ] lim ”gk/[zil ]HT = 0.

2141 — 400 seesinry10Yin, ig141

3the last inclusion holds only for I # 0
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where the integers S;, . ;. for m < 2k 4+ 1 are defined inductively in the following way :
Sil = ﬂl, 51'17---,i21+1 = Sil,...,igl X Ti21+1 +1 and Sh, = 51'17__ x P; Remark that the
integer .S, . is the period of p;, . for g.

—l2i42 Si2041 2042°

2042 Si2042

These periodic points and horseshoes can also be arranged to satisfy the following properties so
that one can apply Lemma 2 (to simplify the notations we write H;, instead of H

and H} instead of HJ7;1 )

for all k € NU {oo} and for all integers 0 <1 < k,

yeeesb2041

7~--77;2L+1 sees 2041

1. the sequence of periodic measures (7, i 2N converges to the measure of maximal

entropy of Hj when ig42 — +00 ;

cey82141

y .
2. measures supported by Hj ;. . converge to v, when 49417 — 400 (measures sup-

ported by Hj converge to §o when i; — +00) ;

3. for all € > 0 there exists an integer I such that :

Viggr > Ix 3w € [0,1] st. H, . C () By (2.n,€) ;
neN

log 5

4. lim ... lim h(Hl Ligign? gk) = rlT

. . i1,..
11 —+00 dg41—+00 ’

One deduces easily from the above assertions 1-4 that the map g., satisfies the assumptions
1-4 of Lemma 2. Then by applying this lemma for g, we get for all integers n: wun(dy) >
(X hzi 77 ) 10g ||lgholloe > 0. The converse inequalities uy, (o) < (35—, -F) log [|ghe |l follow from
5 of Theorem 1. This concludes the proof of Theorem 2 with f, := goo.

We explain now the construction of the sequence (g, )nen and the map go,. We first consider
a C" interval map g_1, such that g_1(0) = 0, g_1(3) = 0, [lg"1]lcc = 5, g—1 is affine with slope

A=5o0n0,¢] (3 € 9-1([0,§]) = [0, 2]) and g(_kl)(%) = g(_kl)(i) =0 for k=1,..,r. We can assume
moreover that ||(g_1)’/[l 1]||(><J < 4. See Drawing 3.
o

1 -
graph ofg_l

I
56 b ——— :
I |
| |
| |
| |
| |
|

|
L
|
| |
o
| |
I
L
Loy
L

0 [ I I T
e 14 12 1
Drawing 3
One can apply Proposition 1 to the map g_; withe=1,S=1,A=5,p=0,p = %, q =1,
q = 3 and get a map go (with [|g)||oc < 5) which admits a sequence of horseshoes (Hj, );,en and
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sequences of periodic points (p;, 4, )iy ,isen Satisfying all the above required conditions (1), (2), (3),
(4) for k = 0.
Assume that g is already built and define ggy1.

The horseshoes J;, . = (J1, - JIN,y, g1

To get gxy1 from g we only change gr on [fil,...,i2k+1,yil,...,iwrl] with ig9r41 large enough such

S

) are linear (N; i1 inks)

gkt horseshoes for g.

2
that the modulus of the r derivative of gy on [T, iy 1» Yir, ... isns.) 1S less than ;}f—jr Let us con-
sider one such horseshoe J;, .. i, ., and we denote it J = (J1, ..., Jn) (We also use the simplified

notations H := Hy, H := Hy, [x,y] = [Ti, . insr» Yir,.. and S := 5,

~7i2l+1] ~7i2k+1)'

First step : Recall H’ is a linear (N, S) horseshoe for g;. By applying Lemma 3 there exists
a sequence of periodic points (p, )nen in J' with periods (SP,),en for g and a sequence of points
(), )nen in J' such that :

e the periodic measures v, converge to the measure of maximal entropy of Hj: ;
e the sequence (gx(pn))nen is monotone ;

. g;jp "™ is increasing and affine on [p,,pl] ;

o In C g3 " ([pns})).

Let P denote the limit of (gi(pn))nen. On the last branch Jy ¢ J’ of the horseshoe J we create
a tangency of order r with the horizontal line {(2’, P), 2’ € [0,1]} at the point Q = g " (P)(Jn
by applying Lemma 4(1) to g on [by_1,Q] and on [@,y]. We recall Jy_1 < by_1 < Jn
and fO(by_1) = 0 for I = 1,...,r. We get a new map ug. The norm |||, changed only on
[bx—1,y] in the following way : || (wi )iy, y1llr < My 1(9k)pxy il Indeed gi(bn—1) —gr(Q)] <
gk ll+[bn—1—Q|" and |gk(y) — gr(Q)| < llgrll-ly — Q|". As N is even, the map g is non-increasing
on Jy (see Definition 2). Remark that uy is again non-increasing on Jy and the family of intervals
(J1, ..., Jn) is a quasi linear (N, S) horseshoe for uy.

Drawing 4 : first step

Second step : Let us assume the sequence (gi(pn))nen is converging non-increasingly. Let
gn denote the point of Jy such that ug(g,) = ur(pn) = gr(pn). Since wy is non-increasing on
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Jn, the sequence g, is increasing. By extracting a subsequence one can assume that |g, — Q| <
2(|gn — Gn+1]). Finally we put go = by_1. We create tangencies of order r with the horizontal line
{(«', gr(pn)), ' €[0,1]} at the point g, by applying again Lemma 4(1) to [a,b] = [gn, ¢n+1] and
[d, ] = [ur(gn+1), ur(gn)] for all integers n. This can be done by preserving almost the norm |||
of ug. In fact

‘uk(anLl) - uk(qn)| < H(uk)[z,y]||r|qn - Q|T < 2T||(uk)[r,y]Hr|qn - Qn+1|T

We get a new map which is again C” with horizontal tangencies of order r at each point g,. We
denote by vy this new map ; we have ||(vk)/[x,y]||r < 2TMf1||(uk)/[x7y]Hr < QTMfQH(gk)/[:c,y]HT <
1/2%.

graph of v,

vi)=gp,) F----F----—-—--

Y

N-1 q, Q y

[ 2 T,

Drawing 5 : second step

If the sequence (gi(pn))nen converges increasingly, we can create in the same way horizontal
tangencies of order r on [@, y] accumulating on Q. In the following we assume always (gx(Pn))nen
converges non-increasingly. The rest of the construction is completely similar in the increasing case.

Third step : According to Lemma 3 there exists p/, such that v,fp ™ is affine on [pn, pl]
with slope \ equal to s(H)™ and Jy C v,fp"([pn,p;l]). By applying Proposition 1 with € = 2%,
"S =8P, A=s(H)", p=p,, o =pl, ¢ = qn and ¢ = g, 1, one can create small horseshoes
accumulating on p,, for all integers n to get finally gx11. We have created in this way a sequence
of new horseshoes for each J = J;, . i,,,,. Coming back to the initial notations this sequence of
new horseshoes and their associated intervals are denoted J;, ... 4,,,, and [acihm,i%w, yilw’i%ﬂ].

We also denote by T; and N; the integers such that J;, is a V; horseshoe for

gﬁff”sil """ i2’“+2+1. Finally p, and P, are respectively denoted by pi, . i,.., and P; It
follows easily from the construction that the new horseshoes J;, . ;,.,, are (Nm%,Sil,wi%%)
linear horseshoes for gi41 and that the previous horseshoes J;, .. 4,,,, for I <k are modified only
on their last branch and therefore are again (N, ,,Si ... i5,) quasi linear horseshoes for gj1.

is related with the slope of the horseshoe

By Proposition 1 the slope of the horseshoe J;, | .

2k+3 2k+3 "7i2k+3 2k+3

2k42"

12k+3
Jiy,...izpy, in the following way :
Piyy 5Ty, -
S(J X ) _ S<Ji1,~~~7i2k+1) 2ht2 2k+s (9)
L1yee522k43/) i2 (32-2 N )r—l
2k+3 2k+3* " 12k+3

Notice that the modifications to get gg+1 from gx are made only on the intervals [z,y] =

. .. M2
[wil,,,,,m“ , yil’,,,,mﬂ] where the moduli of the derivatives of order < r of g, are less se+- Lhere-
fore
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lgk+1 — grllr < sup [(gr+1 — 9k) /1wyl
[#,y]
< sup (||9k+1 /[a:,y]”r + ”gk /[r,y]”T)
z,y
M
< sup | llgkt1 /el + i
[z,y]

After the second step, we have [[vy, z41ll» < 55. Then by having applied Proposition 1 with
€= 5%, we get [|grt1 /fwylllr < 55 + 10k Jfoy)llr < 5=5. We have finally (M; < 1):

1
gk+1 = grllr < oF 3

Therefore the maps g converge uniformly in C” topology to a C" map g.. The claims (1),(2)
and (3) of p.11 follow easily from the construction. Let us check the item (4).

3.3.1 Computation of the entropy

One can remark that the Lyapounov exponent ;... i,,,, of the periodic point p;, ... i,,,, can be
written in terms of the slope of J;, ... i,.,, in the following way :
IOg S(Ji11-~~7i2k+1)
)\i17~~-7i2k+2 = S—
B1yeeyi2k 41
Now let us compute the topological entropy Ay, ... i,.., of the quasi linear (Ni,, .\, S, .. ispi1)

/ :
horseshoe J;, .. i,,,, and the entropy h;, ;- of the linear (Njy, , — 1,5,  ,.,,) horseshoe
/ .
U15eeeyt2k 41"
b _ log Ny,
1500y 22k41 S .
115502k +1
/ . IOg(Niszrl - 1)
U1y b2k41 ) )
S117-~ﬂ2k+1
Since Ny, ,, grows exponentially, we have by taking the limit in igp11 :
lim Ay iy, = lim R, 10
ik p1— 00 150502k 41 ik — 400 D10y B2k 41 ( )

We have the two following relations according to equation (8) and to equation (9) respectively :

e Each element of J;, ., ., spends enough time during the expanding and affine part to get
a horseshoe (Equation (8) p.10):

) 1 1
Tiggy1 < el

(RIS i2k: -
.2 -2 i r _ .2
222k+1(322k+1Nl2k+1) 35541

Then we get after a simple computation :

Si1,~-~,i2k+1 -2 % Ail,...,igk _IOg(GiQkJrl) <h . log Ni2k+1 < Si17~~~a7;2k+1 -1 % )\il,...,igk _IOg(6i2k+1)

Ty yi2k+1
5117---;22k+1 r 5117---712k+1 Sl1,~-,12k+1 Sh,-uﬂmcﬂ

(11)

S

1yeeesb2k41
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e The Lyapounov exponent of p;, .. ;,, decreases with k because we spend more and more time
(precisely P;,, ) in the affine part with slope 1 — of the horseshoe J;, .

- , ok
z%1971(3137%1]\[1'21%1) e
(Equation (9) p.13) :
1 Piyy,
e)\il ..... ik ><Sz‘1 ..... i — e)‘il ,,,,, P9k —2 X((Sil ,,,,, izk_lfl)Pizk) X T
.9 .9 ' r—
2ok—1 (3@21@71sz;€71)
and we get therefore :
(Siyosize = VP,
1)--5%2k—1 12k
)\ilv"viZk = S. - )\7;1;~-7i2k—2 - (’I“ - 1)h7;17~~~77:2k71 (12)
1154502k
Since Tj,, ., (and thus S;, i, ,,) increases linearly in isj4q and Pj,, goes to infinity when o

goes to infinity, we obtain by taking successively the limits in io541, 42k, ..., 41 in (11) and (12):

lim ... lim A ; =— lim .. lim M\ ;
i1 =400 ik 1— 00 215-++522k+1 T i —400 ian—t00 154522k
lm o lim Ay, = lm oo lim A, L, —(r—1) lim ... lm Ay,
i1—+00 iz —+00 i1—+00  igp_2—+00 i1—+00  igp—1—+00
By putting oy := lim ... lim A 4, and Br=: lim .. lm A, ., we have

i1 —+00 G2k 41—+00 i1 —+400 iok — 400

according to the previous equations :

tE:
Br = PBr-1—(r—1)og_1

We get B = Br—1— (r — Dag—1 = Br—1 — leﬁk_l = % Moreover 3y is the Lyapounov
exponent of the fixed point 0, which is equal to log 5. Therefore we conclude that g, = k;i,f and
Q. = ﬁ%, ie.

im .. lLm & _ log5

. . D1 yeneyiok
i1—+00  dgp41—+00 LBzl rk+1

This concludes the proof of Theorem 2.

3.4 Proof of Theorem 3

We explain the modification of the previous example (Theorem 2) to get for every € > 0 an example

of C" interval map f. with ||f] [lc > 2 and hser(fr.c) > % -
Let f be a C" map with the following properties :

e f is increasing on [0, 1] U[1 — ¢, 1] and decreasing on [15€,1 — €] ;
o f(0)=f(1-¢)=0, f(:5°) =1 and f(1) = 2¢;
o fisaffine on [0, 5 — €] (resp. on [§ +¢,1 — 5]) with slope 2= (resp. —1%).

Clearly this map can be C" extended such that 2 < || f/[lcc < 2.
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A
1k
graph of f
A S
PE-f-----------°\-- 7 |
| 1
1 1
| 1
L L 1 ! N
0 1-¢ l-e Q 1 ”
2
Drawing 6

The topological entropy of f is greater than log 2, because ([g, % —¢l, [% +€1— %]) is a linear
(2,1) horseshoe for f. Let p be a measure of maximal entropy of this horseshoe, there exists
a sequence of periodic points (py)nen such that the associated periodic measures are converging
to 4 and the sequence (f(pn))nen is converging to a point P € [5,2¢]. Then one can apply
the same process as in the last example to create quasi linear horseshoes accumulating on ¢, =
(fr—ea]) H(pn) with lim, 400 qn = Q € f([5,% — €]), such that the new map f, . satisfies

U (Vp, ) = logujfr’f”m without changing the supremum norm of the first derivative, that is || f;. .[|oc =

[l floc- Then we get :

hsex () > h(p) + limsup uy (vp, )
n—-—4o0o
log | £/ Moo
» oa L
r—1
rlog || f! oo
sl

3.5 About the convergence of the sequence (u,),en

By considering the example of Theorem 2, the examples of S.Newhouse and T.Downarowicz [10]
and Conjecture 1, one can wonder if for a C" (r > 1) map T defined on a smooth compact manifold
M of dimension d we have for all n € N :

R(T
SUp  (tnpr — un) (1) < AL (13)
nEM(M,T) r

If such inequalities hold for some dynamical system (X, T), it implies that the sequence (u, )nen
is uniformly converging. Then one can easily prove that u,+1 = u,, i.e. the order of accumulation
of (X,T) is at most w (recall the order of accumulation of (X,T) is the first ordinal « satisfying
ug = uq for all B> «). In the following we prove the inequalities (13) are false in general :

Theorem 4 Let r > 2 be an integer. There exists a C” interval map f, : [0,1] — [0, 1] such that

log || £+
sup  (u — u1)(p) > %
peM([0.1].1,) T
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PROOF : We modify the construction of the example of Theorem 2. Let us explain the main idea
: in the previous construction of gy one can create horseshoes with entropy < % but with
a slope bigger than in the estimates obtained for the example of Theorem 2. In the next step
(construction of g;), one can use this amount of expansion to get horseshoes with bigger entropy

such that (us —uy)(dg) > %. We give now more details.

Let A > rlog3. We choose g_1 to be a map with three branches of monotonicity (in particular
the topological entropy of gq is less than log 3) such that g_; is affine with slope e* > 1 on [0, %]
and ||g’ ;|| = e*. Fix some real g such that log3 < ag < 2. Then following the construction
of go, one can build the horseshoes (Ji,)i,en such that hio,(Hy, ) < ag for all integers i; and

‘ HIJIrl htop(HJil) < ag. It follows easily that the tail entropy of gg is bigger or equal to ag.
i1 —+00

Let us prove now that the tail entropy of gg is equal to ag. According to the variational
principle for the tail entropy (Equation (2)) for the Katok entropy structure HiX = (hg)ren, we
2

have
h*(go) = lim sup  (h—hg)(v) = lim sup  (h— hg)(v)
k=400 ,e m(X,T) k—+oo ,e M (X,T)

The last equality follows from the harmonicity of HX%. Therefore for all € > 0 there exists an

integer k and an ergodic measure p, such that (h — th)(,ue) > h*(go) — €.

We show now that if x is a typical point for y. with € small enough then x must visit an interval
of the form [z, y,,], that is pc([2y, yn]) > 0 for some integer n. Let M := [0, 1] =, cn[Tn, yn]. The
map (go)/n can be extended on [0, 1] such that the extension has three branch of monotonicity.
Then p.(M) =1 implies h(u.) < log3 and therefore (h — hy)(1e) < log3 : we get a contradiction
for e small enough.

Remark also that the topological entropy restricted to [y, y»] is equal to hyop(Hy, ). We con-
clude that h(u) < sup hyop(Hy,) = ao and therefore h*(go) = ao.

neN

Now we follow the construction of g;. According to equation (12) the Lyapounov exponents
(Niy s )isen of the periodic points (p, 4, )i,en, Whose associated measures converge to the measure
%)\— (r—1)h;, with h;;, — ao when i1 goes to
infinity. Therefore for large i; and i we obtain the following estimate : X;, ;, ~ A—(r—1)ap > %
Then, following the construction of g;, one can build the horseshoes H,, , . such that their

Jig,i3

of maximal entropy of H ., , satisfies A;, ;, =
i1

topological entropy is almost equal to )‘1% > %2 Arguing as above it is easily seen that the tail
)\—(r—l)ao). Put ay = A—(r—1)ag > A

r r re”

entropy of g; is equal to max(ao,

< % Then a; = ag. According to Lemma 2 we have

In the following we choose ag = TA—l

u2(do) > ap +ay =2

2r —1
and

A

S 2r—1

Moreover according to the variational principle for the tail entropy and the inequality us < 2uq,
we get :

u1(do) > ag

A
sup  ui(p) = h*(g1) =
neEM([0,1],91) 2r—1

2\
sup  ug(p) <207 (g1) = 5——
peM([0,1],91) 2r—1
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A
r—1°

Therefore we have finally us(Jp) = 5225 and uy () = 3

Thus since r > 2,

log [|gillec _ llgilloo
_ 50) =
(uz = u1)(00) = == r2

O

Our argument can be easily adapted to get, for every integer n > 1, a C” (r > 1) interval maps
fr with /
Sup (s — 1) () > 2 rlee
neM([0,1], fr) r
Indeed one can modify the map g, of the example of Theorem 2 in the same way as above such
that we have with the notations introduced page 15 :

e «y, does not depend on k =0,...,n ;
o

® Qn )

Moreover we can again ensure that :

o 3y =log ||g:1||00 ;

o h* (gn) = Qp ;
o [ =pPr—1—(r—1ay forall k =0,...,n.
These properties imply easily that oy = %. Moreover, by arguing as in the proof of

Theorem 4 we get for all k=0,....n+1:

klog g’ ||eo
sup ug(p) = ug(do) = M

HEM([0,1],91) r+n(r—1)

Then one can deduce an exemple of C” interval map such that the sequence (u,,)nen does not
converge uniformly. Indeed one can modify the example of Theorem 3 in the following way. With
the notations of the proof of Theorem 3 one can follow the above construction to ensure that

Uk (Vp, ) = %'fl_”ff) for all n € N and for all k =0,...,n+ 1. We get then for all k € N :
_ 1og|glloc
sup supu; —ug | (p) = ———
peM([0,1],9) \1eN r—1

In [5] the authors prove that any countable ordinal can be realized as the order of accumulation
of a zero-dimensional dynamical system. The proof uses strongly the non-uniform convergence of
subsequences (u,, )nen of the transfinite sequence. Following the strategy of [5] we hope to prove
the following conjecture :

Conjecture 2 Let r € N and let a be a countable ordinal. There exists a C" interval map with
order of accumulation equal to «.

3.6 Higher dimensional examples

M.Boyle and T.Downarowicz proved the following formula for the symbolic extension entropy of
a direct product :

Theorem 5 (Theorem 3.2 of [2]) LetT : X — X and S:Y — Y be two dynamical systems with
finite topological entropy, then :

Nsew (T X S) = hgex(T) + hser (S) (14)
Moreover for all ordinal « and for all (u,v) € M(X,T) x M(Y,S),

Uo(pt X V) = ua(p) + ta(v) (15)
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By considering product of the previous examples of interval maps, we get (non-invertible)
examples of any dimension with large symbolic extension entropy :

Corollary 1 Let r,d € N*. There exists a C" map T, : [0,1]¢ — [0,1]? fizing (0, ...,0), such that

for all integersn > 1 :
n

1
Un((s(o,.i.,o)) = <Z 7“k> log | DT} ||oc >0

k=1
In particular :

log | DTr oo .
r—1 7

o ifr>1, then uy(d,...0) =
e ifr =1, then u, = +o0o and therefore T1 does not admit symbolic extensions.

PROOF : Such an example has been already built for d = 1 (Theorem 2). Let g be such an interval
map. We denote g4 := g X ... X g. By the inequality (15) we have for all integers n > 1 :
—

dx
u9?(d(0,...,0y) = duf (o)

Also || Dgallco = ||Pgl|co- This concludes the proof.

Similarly by combining Theorem 5 and Theorem 3 we obtain :

Corollary 2 Letr > 2,d > 1 be integers. For all € > 0 there exists a C" map T : [0,1]¢ — [0,1]¢
with || DTy e|lco > 2 such that :

hoea(Tre) > % _
Appendix

We recall the definition of Katok’s entropy. Let 0 < A < 1. Let € > 0 and p be an ergodic

measure.
log mi C B(z,e, > A
RE (1, €) := lim sup o8 1n{ﬁ | M(Ufc (z,€,m)) }

We extend this definition by harmonicity on the convex set of invariant measures. Katok
proved in [12] that for any 0 < A < 1 and any invariant measure p,

tim 1A (1, €) = hiy)
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