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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

(X, T) a topological system, i.e.
e (X, d) a compact metrique space,
e T :X — X continuous.
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The entropy function Topological entropy

Measure theoretical entropy
General properties of the entropy function

(X, T) a topological system, i.e.
e (X, d) a compact metrique space,
e T :X — X continuous.

Dynamical ball : x € X, n€ NU {c0}, € > 0,
Bt (x,n,e€) ﬂ TKB(T*x,e€)
0<k<n

with B(x,€) = {y, d(x,y) < d}.

2/21 David Burguet Entropy



The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

Subshift (Y, S) :

Y closed shift subset of {1,..., K}* for K € N*
invariant by the shift S.
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

Subshift (Y, S) :

Y closed shift subset of {1,..., K}* for K € N*
invariant by the shift S.

With the metric d defined as d(x,y) = >y ax’;y"

Bs(x,n,1):={y €Y, yi=x; for 0 <i < n}.
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

Topological entropy :

1
htop(T, €) 1= lim sup min{#C, U B(x,n,e) = X},
n xeC

htop(T) = Ehjb hop( T, €).
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

Topological entropy :

1
htop(T, €) 1= lim sup min{#C, U B(x,n,e) = X},
n xeC

htop(T) = Ehjb hop( T, €).

For the K-full shift ({1, ..., K}%,S)

htop(S) = log K.
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

(X, B, T,u) a measure preserving system
P finite Borel partition

Hu(P) = = 1(A) log ju(A)

AeP
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

(X, B, T,u) a measure preserving system
P finite Borel partition

Hu(P) = = 1(A) log ju(A)

AeP
The entropy h(u, P) of p w.r.t. P :

1
h(p,P) = inf=H,( \/ T7*P),
non k=0,...,n—1
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The entropy function Topological entropy

Measure theoretical entropy
General properties of the entropy function

(X, B, T,u) a measure preserving system
P finite Borel partition

Hu(P) = = 1(A) log ju(A)

AeP
The entropy h(u, P) of p w.r.t. P :

1
h(p,P) = inf=H,( \/ T7*P),
non k=0,...,n—1

1
= lim=H,( \/ T7*P).
mon k=0,...,n—1

The K-S entropy h(u) of u :

h(p) = sup h(u, P).
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

(X, T) topological system

M(X, T) := {p mesure de proba T-invariante}
is a compact convex set with the set M.(X, T) of ergodic
measures as extremal points.
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

(X, T) topological system
M(X, T) := {p mesure de proba T-invariante}

is a compact convex set with the set M.(X, T) of ergodic
measures as extremal points.

Ergodic decomposition : M(X, T) is a Choquet simplex, i.e.

Vu3aM,, supported on M(X, T) s.t.

f(p) = / f(v)dM,,(v) for all affine real continuous f.
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

(X, T) topological system

M(X, T) := {p mesure de proba T-invariante}
is a compact convex set with the set M.(X, T) of ergodic
measures as extremal points.

Ergodic decomposition : M(X, T) is a Choquet simplex, i.e.

Vu3aM,, supported on M(X, T) s.t.

f(p) = / f(v)dM,,(v) for all affine real continuous f.

Any Choquet simplex may be realized as the set of invariant
measures of a dynamical system.
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

Harmonicity :

hs) = [ h(v)dM,(v).
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

Harmonicity :

hlo) = [ hlw)dM, ().

Variational principle :

heop(f) = sup  h(p).
HEM(X,T)
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The entropy function Topological entropy
Measure theoretical entropy

General properties of the entropy function

Harmonicity :

hlo) = [ hlw)dM, ().

Variational principle :

heop(f) = sup  h(p).
HEM(X,T)

Entropy functions have been completely characterized for
topological systems.
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Strongly Expansnve systems
i

Asymptotical expansiveness
asymptotic expansiveness
of asymptotical expansivenness

(X, T) invertible topological system

Two sided dynamical ball :
x€ X, ne NU{o0}, € >0,

BT (x, n,e) ﬂ T 5B(T*x,€)
0<|k|<n

(X, T) strongly expansive :

Vx € X, BF(x,¢e,00) = {x}.
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Strongly Expansive systems
Tail entropy

Asymptotical expansiveness Tail periodic growth
Entra nd periodi

Entra onsequences of asymptotical expansivenness

(X, T) invertible topological system

Two sided dynamical ball :
x€ X, ne NU{o0}, € >0,

BT (x, n,e) ﬂ T 5B(T*x,€)
0<|k|<n

(X, T) strongly expansive :
Vx € X, BF(x,¢e,00) = {x}.

Example : Subshifts.
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Strongly Expansive systems
Tail entropy

Asymptotical expansiveness Tail periodic growth
Entra nd periodi

Entra onsequences of asymptotical expansivenness

(X, T) invertible topological system

Two sided dynamical ball :
x€ X, ne NU{o0}, € >0,

BT (x, n,e) ﬂ T 5B(T*x,€)
0<|k|<n

(X, T) strongly expansive :
Vx € X, BF(x,¢e,00) = {x}.
Example : Subshifts.

The dimension of X is finite, even 0 when T is minimal.

C! robust expansive systems are the Axiom A systems.
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Strongly Expansive systems
Tail entropy
Asymptotical expansiveness Tail periodic growth

d periodi mptotic expansiveness
consequences of asymptotical expansivenness

(X, T) topological system
Topological Tail entropy :

h*(T,e) := sug htop(Bs:k)(X,E,OO))
X€E

h(T) := lim h*(Tc).
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Strongly Expansive systems
Tail entropy
Asymptotical expansiveness Tail periodic growth

Entra nd periodi v
Entra onsequences of asymptotical expansivenness

(X, T) topological system
Topological Tail entropy :

h*(T,e) := sug htop(Bs:k)(X,E,OO))
X€E

h(T) := lim h*(Tc).

Measure theoretical Tail entropy : X zero-dimensional
(Pk)k sequence of clopen partitions with diameters going to 0

u(p) = Iilzn limsup [A(v) — h(v, Py)]

v— i

Preuve

9/21] David Burguet Entropy



Strongly Expansive systems
Tail entropy
Asymptotical expansiveness Tail periodic growth

Entra nd periodi v
Entra onsequences of asymptotical expansivenness

(X, T) topological system
Topological Tail entropy :
h*(T,e) := sug htop(Bs:k)(X,E,OO))
X

S
h(T) := lim h*(Tc).

Measure theoretical Tail entropy : X zero-dimensional
(Pk)k sequence of clopen partitions with diameters going to 0

u(p) = Iilzn limsup [A(v) — h(v, Py)]

V—r
Tail variational principle :
h(T)=sup u(p)
REM(X,T)

Preuve
B i erae Ty T



Strongly E: sive systems

Tail entrop;

Tail periodic growth

d periodi mptotic expansiveness
asymptotical expansivenness

consequenc

Asymptotical expansiveness

Vn e N,
Pern(X, T) :={x, T"x=xand T™x # x for 0 < m < n}.

Periodic growth :
1
p(T) := limsup - log #Per,(X, T).
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nsive systems

Asymptotical expansiveness Tail penodlc growth

Entrop d periodic asymptotic expansiveness
Entropy consequences of asymptotical expansivenness

Vn e N,
Pern(X, T) :={x, T"x=xand T™x # x for 0 < m < n}.
Periodic growth :
1
p(T) := limsup - log #Per,(X, T).
Local periodic growth :

1
p*(T) —I|mI|msupf sup logfPer,(X, T)NA".
n n Anepn
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Strongly Expansive systems
Tail entropy

Asymptotical expansiveness Tail periodic growth
Entra nd periodi

Entra onsequences of asymptotical expansivenness

Vn e N,
Pern(X, T) :={x, T"x=xand T™x # x for 0 < m < n}.
Periodic growth :
1
p(T) := limsup - log #Per,(X, T).
Local periodic growth :

1
p*(T) —I|mI|msupf sup logfPer,(X, T)NA".
n n Anepn

Measure theoretical local periodic growth :

p*(p) == Ii;(*n lim sup) /p,’j(x)dy(x)

v—p, v(Per)=1

1
with pg(x) = - log §Per, N P7(x) for x € Pery,
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nsive systems
Tail
Asymptotical expansiveness Tail pe rowth

Entropy and periodic asymptotic expansiveness
Entropy consequences of asymptotical expansivenness

Asymptotical h-expansiveness :

C! robustly h-expansive are the diffeos C* far from homoclinic
tangencies.

Examples : C*° maps!
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nsive systems
Tail
Asymptotical expansiveness Tail pe rowth

Entropy and periodic asymptotic expansiveness
Entropy consequences of asymptotical expansivenness

Asymptotical h-expansiveness :

C! robustly h-expansive are the diffeos C* far from homoclinic
tangencies.

Examples : C*° maps!

Asymptotical p-expansiveness :
p*(T)=0.

Examples : C* maps? No, but almost (at least in low dimensions).
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Strongly Expansive systems
Tail en
Asymptotical expansiveness Tail periodic growth

Entropy and periodic asymptotic expansiveness
Entropy consequences of asymptotical expansivenness

limsup [h() — h()] < u(p)- J
vV—

U.s.c. of the entropy function for (X, T) a. h-expansive :

h: M(X,T)— Ris us.c. and thus
MmaX(T) = {FL € M(Xv T)a h(,LL) = htOP(T)}

is a non empty compact set.
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Strongly Expansive systems
Tail en
Asymptotical expansiveness Tail periodic growth

Entropy and periodic asymptotic expansiveness
Entropy consequences of asymptotical expansivenness

p(T) < hiop(T) + p*(T): J

Equidistribution of periodic points for (X, T) a. p-expansive :

Assume also +00 > p(T) > hsop(T) then
o p(T) = hop(T),

@ any weak limit of (W erpe,n(xj) dx)n is @ measure
of maximal entropy.

Preuve
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Zero-dimensional extension

y of symbolic extension
ymbolic extension entropy

Finitely symbolic representation

(X, T) topological system
Zero-dimensional extension :
(Y,S) zero-dim. system with 7 : Y — X
@ T surjective,
enmoS=Tom.

Principal zero-dimensional extension :
Zero dimensional extension 7(Y,S) — (X, T) s.t.
VN € M(sz)v hT(ﬂ-iu) = hS(/L)

Every topological system admits a zero-dimensional principal
extension.
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Zero-dimensional extension
Ge

Finitely symbolic representation

Symbolic Extension :
(Y, S) subshift with 7: Y — X

@ T surjective,

emoS=Tom.

— htop(T) < +OO
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Zero-dimensional extension

y of symbolic extension
ymbolic extension entropy

Finitely symbolic representation

Symbolic Extension :
(Y, S) subshift with 7: Y — X

@ T surjective,

emoS=Tom.

= hiop(T) < +00

Principal symbolic extension :
Symbolic extension 7(Y,S) — (X, T) s.t.
Vi e M(Y7 5)7 hT(W:u’) = hS(M)

= h: M(X,T)— Ris us.c.
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Zero-dimensional extension
Generators

Entrop

Example

Finitely symbolic representation

Ergodic generators : (X, B, T, 1) be a measure preserving system
a partition P of X is an ergodic generator when

\/ TkP | generates (up to null sets) B

|k|<n n
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Zero-dimensional extension

Generators

Entropy theory of symbolic extension

Example wi ymbolic extension entropy

Finitely symbolic representation

Ergodic generators : (X, B, T, 1) be a measure preserving system
a partition P of X is an ergodic generator when

\/ TkP | generates (up to null sets) B
|k|<n n
Uniform generators : (X, T) topological invertible system
a Borel partition P of X is a uniform generator when

diam( \/ T*P) % 0.

|k|<n
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Zero-dimensional extension
Generators

Entrop

Example

Finitely symbolic representation

Existence of finite ergodic generators :

An ergodic m.p. system (X, B, T, ) has a generator
e
h(p) < +o0
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Zero-dimensional extension

Generators

Entropy theory of symbolic extension

Example wi ymbolic extension entropy

Finitely symbolic representation

Existence of finite ergodic generators :

An ergodic m.p. system (X, B, T, ) has a generator
e
h(p) < +o0

Existence of finite uniform generator : For a 0-dim top. (X, T)

@ clopen uniform generators
<~
strongly expansive,
@ 0-boundary uniform generators
<~
a. h and a. p expansive, Preuve
o (Borel) uniform generator
<~
symbolic extension and p(T) < oo.
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nensional extension
Genera
Entropy theory of symbolic extension
Example with la symbolic extension entropy

Finitely symbolic representation

Entropy function w.r.t. a symbolic extension :
m: (Y, 5) = (X, T),
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Zero-dimensional extension

Generators

Entropy theory of symbolic extension

Example with large symbolic extension entropy

Finitely symbolic representation

Entropy function w.r.t. a symbolic extension :
m: (Y, 5) = (X, T),

sup hs(v).

v, TV=[1L

Supperenveloppe : (X, T) 0-dim. system,
(Pk)k sequence of clopen partitions with diameters going to 0. An

u.s.c. affine function E : M(X, T) — R is a superenvelope when

Vo >0, Vue M(X, T),
dk, and V,, neighborhood of p s.t.
Vv eV, h(v) — h,(v) < E(p) — E(v) +6
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Zero-dimensional extension

Generators

Entropy theory of symbolic extension

Example with large symbolic extension entropy

Finitely symbolic representation

Symbolic extension theorem :
E + hhgm = h; for some symbolic extension 7
<
E is a superenvelope.

Preuve sens facile

19/21 David Burguet Entropy



Entropy theory of symbolic extension
Example with large symbolic extension entropy

Finitely symbolic representation

Symbolic extension theorem :
E + hhgm = h; for some symbolic extension 7
<
E is a superenvelope.

Preuve sens facile
Embedding theorem :

E = h; for some symbolic extension 7
<~

E is a superenvelope with E > p*.
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Entropy theory of symbolic extension
Example with large symbolic extension entropy

Finitely symbolic representation

Symbolic extension theorem :
E + hhgm = h; for some symbolic extension 7
<
E is a superenvelope.

Preuve sens facile
Embedding theorem :

E = h; for some symbolic extension 7
<~
E is a superenvelope with E > p*.

Symbolic extension entropy :

hs_e, == inf E.

E superenvelope
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Entropy theory of symbolic extension
Example with large symbolic extension entropy

Finitely symbolic representation

S.e. operator : S(X, T) the set of u.s.c. real nonnegative function
on M(X, T),
f the u.s.c. envelope of f and hyx = h(., Py).

T:S(X,T) — R,
Ffos Iilr(nf+//:fhk.
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Zero-dimensional extension

Generators

Entropy theory of symbolic extension

Example with large symbolic extension entropy

Finitely symbolic representation

S.e. operator : S(X, T) the set of u.s.c. real nonnegative function
on M(X, T),
f the u.s.c. envelope of f and hyx = h(., Py).

T:8X,T) - RT,

f - Iilr(nf+h—hk.

The superenvelopes are the fixed point of the nondecreasing
operator T of the complete lattice given by S(X, T) U {oco}. The
function hs .. is the smallest fixed point of T and it is the
transfinite limit of (T*(0)),. Moreover u = T(0).
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Zero-dimensional extension

Generators

Entropy theory of symbolic extension

Example with large symbolic extension entropy

Finitely symbolic representation

S.e. operator : S(X, T) the set of u.s.c. real nonnegative function
on M(X, T),
f the u.s.c. envelope of f and hyx = h(., Py).

T:8X,T) - RT,

f - Iilr(nf+h—hk.

The superenvelopes are the fixed point of the nondecreasing
operator T of the complete lattice given by S(X, T) U {oco}. The
function hs .. is the smallest fixed point of T and it is the
transfinite limit of (T*(0)),. Moreover u = T(0).

Order of accumulation : smallest countable ordinal with

T(0) = hse..
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Zero-dimensional extension

Generators

Entropy theory of symbolic extension

Example with large symbolic extension entropy

Finitely symbolic representation

S.e. operator : S(X, T) the set of u.s.c. real nonnegative function
on M(X, T),
f the u.s.c. envelope of f and hyx = h(., Py).

T:8X,T) - RT,

f - Iilr(nf+h—hk.

The superenvelopes are the fixed point of the nondecreasing
operator T of the complete lattice given by S(X, T) U {oco}. The
function hs .. is the smallest fixed point of T and it is the
transfinite limit of (T*(0)),. Moreover u = T(0).

Order of accumulation : smallest countable ordinal with

T(0) = hse..
Any countable ordinal is realized by a topological system.
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mensional extension
tors
y theory of symbolic extension
Example with large symbolic extension entropy

Finitely symbolic representation

Example with large hs .. : Collections of periodic measures (P )
and collection of ergodic measures (My)k s.t. :

® h(p) > ax >0 forall p € My,

o for all k any € M is a weak-* limit of periodic measures in
Pk,

e for all k any p € Py is a weak-* limit of measures in M1,
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mensional extension
tors
y theory of symbolic extension
Example with large symbolic extension entropy

Finitely symbolic representation

Example with large hs .. : Collections of periodic measures (P )
and collection of ergodic measures (My)k s.t. :

® h(p) > ax >0 forall p € My,

o for all k any € M is a weak-* limit of periodic measures in
Pk,

e for all k any p € Py is a weak-* limit of measures in M1,
then Vu € My, hse (1) > Zak.
k

Preuve
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