Lecture 3 and 4:
Entropy of C" smooth systems via semi-algebraic
tools

David Burguet

17th February 2017
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The C! case
Tail entropy for
Symboli

a. p-expan

Entropy for C" smooth systems

Set, maps, degrees. Set and functional version with polynomial
bound. General case, curve case with given derivative, action on
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The C! case

Tail entre r C" ma
Entropy for C" smooth systems Il CILE 97 .( maps

Symbolic nsions for
a. p-expans fi

the tangent bundle.

M compact smooth manifold,
H := {f € Diff*(M) admits an homoclinic tangency }.
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The C! case

Tail entropy for C
Symbolic i

a. p-expansiveness for Coo

Entropy for C" smooth systems

M compact smooth manifold,
H := {f € Diff*(M) admits an homoclinic tangency }.

Any f € DiffY(M)\ H is h-expansive

and thus has a principal symbolic extension.
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The C! case

Tail entropy for C
Symbolic i

a. p-expansiveness for Coo

Entropy for C" smooth systems

M compact smooth manifold,
H := {f € Diff*(M) admits an homoclinic tangency }.

Any f € DiffY(M)\ H is h-expansive

and thus has a principal symbolic extension.

Any generic f € H has no symbolic extension.
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The C! case

Tail entropy for C" maps

Symboli ensions for C” systems
a. p-expan ess for Coo systems

Entropy for C" smooth systems

M of dimension d, f € C"(M), r > 1

Growth rate of the derivative :

1
R(f) := lim Esuplog* [ Dxf".
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The C! case

Tail entropy for C" maps
Symbolic extensions for C”
a. p-expansiveness for Coo

Entropy for C" smooth systems

M of dimension d, f € C"(M), r > 1

Growth rate of the derivative :
1
R(f) := lim = suplog™ || Dxf"||.
nn x

Tail entropy of C" maps :

h*(f) = M
In particular for r = oo,
h*(f) =0.
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The C! case

Tail entropy for C" maps
Symbolic extensions for C”
a. p-expansiveness for Coo

Entropy for C" smooth systems

M of dimension d, f € C"(M), r > 1

Growth rate of the derivative :
1
R(f) := lim = suplog™ || Dxf"||.
nn x

Tail entropy of C" maps :

h*(f) = M
In particular for r = oo,
h*(f) =0.

Any C dynamical system has a measure of maximal entropy.
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The C! case

Entropy for C" smooth systems

Assume f is real analytic then there exists a constant C > 0 such
that for any e > 0

g (| log )

h*(f.¢€) <
hel=t log €]
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The C! case

Tail entropy for C" maps
Symbolic extensions for C”
a. p-expansiveness for Coo

Entropy for C" smooth systems

Assume f is real analytic then there exists a constant C > 0 such
that for any e > 0

B (F. ) < Clog(llogfl).
| log €]

Explicit rate of convergence in ultradifferentiable classes which are
sharp in many case.
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The C! case

Tail entropy for C" maps
Symbolic extensions for C”
a. p-expansiveness for Coo

Entropy for C" smooth systems

Assume f is real analytic then there exists a constant C > 0 such
that for any e > 0

g (| log )

K (f.€) < C
)= log €]

Explicit rate of convergence in ultradifferentiable classes which are
sharp in many case.

But for the real analytic classe we conjecture that the optimal rate
is in 1/|log€|. Surface real-analytic example with such a rate (non
degenerate homoclinic tangency).
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The C! case
Tail entropy for C" maps
Symbolic extensions for C”

a. p-expansiveness for Coo

Entropy for C" smooth systems

f € Diff'(M), u € M(M,f),
Lyapunov exponents :

1
Vo< k<d, x":= E xi (u) = /Ii,r1n . log™ ||AKD. || dpu(x)
0<i<k
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The C! case
; r
Entropy for C" smooth systems Vel exiiiepsy ffer .C maps_

Symbolic

f € Diff'(M), u € M(M,f),
Lyapunov exponents :

1
Vo< k<d, x":= E xi (u) = /Ii,r1n . log™ ||AKD. || dpu(x)
0<i<k

Upper semi-continuity

M(M,F) — R,
o Y Xt

0<i<d

defines a u.s.c. function.
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The C! case
Tail entropy for C" maps
Entropy for C" smooth systems 2l ity (o € mEps

Symbolic extensions for C" systems
a. p-expansiveness for Coo systems

C" interval/circle map or surface diffeomorphism f

X+
h + 2= est une superenvelope.
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The C! case

Tail entropy for C" maps
Entropy for C" smooth systems L & €7 EpE

Symbolic extensions for C" systems

a. p-expansiveness for Coo systems

C" interval/circle map or surface diffeomorphism f

X+
h + 2= est une superenvelope.

The entropy function is a difference of u.s.c. functions.
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The C! case

Tail entropy for C" maps

Symbolic extensions for C" systems
a. p-expansiveness for Coo systems

Entropy for C" smooth systems

For § > 0,

Pery := {p € Pera, x1(p) > § > =0 > x2(p)}
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Tail entrop; for C" maps
Symboli ensions for C"
a. p-expansiveness for Coo systems

Entropy for C" smooth systems

For § > 0,

Pery := {p € Pera, x1(p) > § > =0 > x2(p)}

1
pi(f) = limsup = logsuptB(x,n,e) N Per?.
n n X
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C" maps
Symbolic extensions for C" sys
a. p-expansiveness for Coo systems

Entropy for C" smooth systems

For § > 0,

Pery := {p € Pera, x1(p) > § > =0 > x2(p)}

1
pi(f) = limsup = logsuptB(x,n,e) N Per?.
n n X

a. J-expansiveness for r = co

7/19 David Burguet Entropy



Yomdin-Gromov algebraic lemma

Semi-algebraic set :

A= J{P1>0,..,P,>0,P 1 =0}
finite

Degree of A : deg(A) =Y, deg(P;).
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Yomdin-Gromov algebraic lemma

Semi-algebraic set :

A= U {P,>0,...,P, >0,P, 1 =0}.
finite
Degree of A : deg(A) =Y, deg(P;).
For ¢ :]0,1[7— R we let
[¢llr = max sup [[0%f(x]]

@, |al<r xe10,1[d
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Yomdin-Gromov algebraic lemma

Semi-algebraic set :

A= J{P1>0,..,P,>0,P 1 =0}
finite
Degree of A : deg(A) =Y, deg(P;).
For ¢ :]0,1[7— R we let

6]l := max sup [0%F(x)]|
a, |oc|§rx€]071[d

Theorem

Let A C [0,1]¢ be a semi-algebraic set. There exists a collection of
finite maps (¢; :]0,1[¢— A)ie; s.t.

o A=Uig ¢i(10,1[),

° ||¢I||I’ § 1,

e il < C(deg(P),d).

.
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Yomdin-Gromov algebraic lemma

Let 0 :]0,1[— R? be a C" map. Then there exists a collection of
finite maps (¢; :]0,1[¢— R9);¢ s.t.

o 071(B(0,1)) C Uje; 9i(10,1[),

° ||O-O¢i||r <1,

41 < C(deg(P). d)[o]|7"".
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Yomdin-Gromov algebraic lemma

Newhouse local entropy and local volume growth

o :[0,1]X = M of class C" with 1 < k< d, e >0and F C M,

1
v(o,e, F) == limsup = In™ sup/ INSDy(T" 0 o) ||xdA(y)
n n xeF Jo—1B(x,n,e)
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Yomdin-Gromov algebraic lemma

Newhouse local entropy and local volume growth

o :[0,1]X = M of class C" with 1 < k< d, e >0and F C M,

1
v(o,e, F) == limsup = In™ sup/ INSDy(T" 0 o) ||xdA(y)
o~ 1B(x,n,e)

n N xeF
veM(M,T),
v(v,e) := lim inf sup v(o, e Fy)
a=ly(Fa)>a o:[0,1]lv =M
maxy=1,...,r | Dkolloc <1

,,,,,
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Yomdin-Gromov algebraic lemma

Newhouse local entropy and local volume growth

o :[0,1]X = M of class C" with 1 < k< d, e >0and F C M,

1
v(o,e, F) == limsup = In™ sup/ INSDy(T" 0 o) ||xdA(y)
o~ 1B(x,n,e)

n N xeF
veM(M,T),
v(v,e) := lim inf sup v(o, e Fy)
a=ly(Fa)>a o:[0,1]lv =M
maxy=1,...,r | Dkolloc <1

,,,,,

Theorem (New)

Ve >0, Vv € M(M, T),

ANew (v, €) < v(v, €)
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Yomdin-Gromov algebraic lemma

Newhouse local entropy and local volume growth

U:[O,l]k—>l\/lwith1§k§d,e>0,FCMandx>O.

1
v(o,e F,x) = lim sup ZInt sup/ o—1B(xme) H/\k(Dy T"00)||xkdA
M x€F L iog||D(Tr00) |}
veM(M,T),
v(v,e) .= lim inf sup v(o, €, Fo,x1(v))
a—=1y(Fy)>a o:[0,1]/v M
max—1, 1Dkl 00 <1

yeeey

Theorem (New)
Ve >0, Vv € M(M

T),

AN (1, €) < v(v,€)
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Yomdin-Gromov algebraic lemma

Proposition

Let (ex)k be a sequence of positive numbers decreasing to 0. Then
the sequence of functions h — hNe"(. ;) defines an entropy
structure.
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Yomdin-Gromov algebraic lemma

Proposition

Let (ex)k be a sequence of positive numbers decreasing to 0. Then
the sequence of functions h — hNe"(. ;) defines an entropy
structure.

To prove the Main Proposition for /, = 1 it is enough to prove the
following one

Proposition

Ve M(M, T) 36, >03e, €N
Vv e M (M, T) with dist(v, ) <6, and |, =1
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Yomdin-Gromov algebraic lemma

Reparametrization Lemma

Lemma

Let T: M — M be aC" map with r > 1, then Je > 0 s.t.
Vo 1 [0,1] — M with max;<k<, ||D¥o|| < 1

Vx >0VneNVxe M

AF, = (én : [0,1] — [0,1]) a family of affine maps satisfying

13/19) David Burguet Entropy



Yomdin-Gromov algebraic lemma

Reparametrization Lemma

Lemma

Let T: M — M be aC" map with r > 1, then Je > 0 s.t.
Vo 1 [0,1] — M with max;<k<, ||D¥o|| < 1

Vx >0VneNVxe M

AF, = (én : [0,1] — [0,1]) a family of affine maps satisfying

o [(T"ooo¢n)lle <1,
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Yomdin-Gromov algebraic lemma

Reparametrization Lemma

Lemma

Let T: M — M be aC" map with r > 1, then Je > 0 s.t.
Vo 1 [0,1] — M with max;<k<, ||D¥o|| < 1

Vx >0VneNVxe M

AF, = (én : [0,1] — [0,1]) a family of affine maps satisfying

o [(T"ooo¢n)lle <1,

° U<Z>n6]-',, ¢”([07 1]) =
o1 (B(x, n,e) N {% log |(T" o 0)| ~ X}) ;
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Yomdin-Gromov algebraic lemma

Reparametrization Lemma

Lemma

Let T: M — M be aC" map with r > 1, then Je > 0 s.t.
Vo 1 [0,1] — M with max;<k<, ||D¥o|| < 1

Vx >0VneNVxe M

AF, = (¢n : [0,1] = [0, 1]) a family of affine maps satisfying

o [(T"ooodn)|le <1;
° U¢ €Fn ¢n([0,1]) D
L(Blx,n )N {2 log [(T"0 0| = x})

log §.Fn —1
o L8 < L; (2 507Th log™ D7 Tl — ).

r
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Yomdin-Gromov algebraic lemma

Proof of the Main Proposition assuming the
Reparametrization Lemma

Let 4 € M(M, T), we want to prove there exist d,, > 0 and ¢, > 0
s.t. for ergodic measure v §,-close to p

V) S 1 () xf ()
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Yomdin-Gromov algebraic lemma

Proof of the Main Proposition assuming the
Reparametrization Lemma

Let 4 € M(M, T), we want to prove there exist d,, > 0 and ¢, > 0
s.t. for ergodic measure v §,-close to p

V) S 1 () xf ()

@ Choice of j,, :

.1
) =inf [ 1og" DT )
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Yomdin-Gromov algebraic lemma

Proof of the Main Proposition assuming the
Reparametrization Lemma

Let 4 € M(M, T), we want to prove there exist d,, > 0 and ¢, > 0
s.t. for ergodic measure v §,-close to p

V) S 1 () xf ()

@ Choice of j,, :

.1
) =inf - [1og" DT du(x) = [ tog" D Tld(x)
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Yomdin-Gromov algebraic lemma

Proof of the Main Proposition assuming the
Reparametrization Lemma

Let 4 € M(M, T), we want to prove there exist d,, > 0 and ¢, > 0
s.t. for ergodic measure v §,-close to p

v(v,en) S 1 (E(M) - Xf(”))
@ Choice of j,, :

1
) =inf - [1og" DT du(x) = [ tog" D Tld(x)
Choose ¢, > 0 s.t. for v §,-close to u so that
[ 108" 1D:Tlld(x) = [ tog™ D Tlldux
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Yomdin-Gromov algebraic lemma

@ Choice of ¢, : Apply the Reparametrization Lemma to T, you
get €, such that for all subset F of M, for all o :[0,1] = M
with maxi<k<r HDkO'H <1,

1 1 (1222 |
v(o, eu, X7 (V) S limn— P T (,, > logt [ Dre, Tl = X (v
X k=0
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Yomdin-Gromov algebraic lemma

@ Choice of ¢, : Apply the Reparametrization Lemma to T, you
get €, such that for all subset F of M, for all o :[0,1] = M
with maxi<k<r HDkO'H <1,

1 1 (1222 |
v(o, eu, X7 (V) S limn— P T (,, > logt [ Dre, Tl = X (v
X k=0

@ Choice of F, : For all @ < 1 we choose by the Ergodic
Theorem a Borel set F, with v(F,) > a s.t.
<% > k=0...n-1 log™ ||DTI<XTH)n converges uniformly in

x € F to [log™ ||DxT||dv(x).
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Yomdin-Gromov algebraic lemma

@ Choice of ¢, : Apply the Reparametrization Lemma to T, you
get €, such that for all subset F of M, for all o :[0,1] = M
with maxi<k<r HDkO'H <1,

1 1 (1222 |
v(o, eu, X7 (V) S limn— P T (,, > logt [ Dre, Tl = X (v
X k=0

@ Choice of F, : For all @ < 1 we choose by the Ergodic
Theorem a Borel set F, with v(F,) > a s.t.
<% > k=0...n-1 log™ ||DTI<XTH)n converges uniformly in
x € F to [log™ ||DxT||dv(x).

@ Conclusion : We get finally for ergodic measures v §,-close to
i,

1
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Yomdin-Gromov algebraic lemma

Sketch of Proof of the Reparametrization Lemma

For a C" curve o : [0,1] — RY, we want estimate the local length,
i.e the length of of,-1(p(0,1))-
1. Yomdin's approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
smooth semi-algebraic maps s.t.
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Yomdin-Gromov algebraic lemma

Sketch of Proof of the Reparametrization Lemma

For a C" curve o : [0,1] — RY, we want estimate the local length,
i.e the length of of,-1(p(0,1))-
1. Yomdin's approach

Lemma (Gromov-Yomdin)
Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
smooth semi-algebraic maps s.t.

@ |(oo ¢>)(k)||C>O <lfork=1,..r;

16/19) David Burguet Entropy
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Sketch of Proof of the Reparametrization Lemma

For a C" curve o : [0,1] — RY, we want estimate the local length,
i.e the length of of,-1(p(0,1))-
1. Yomdin's approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
smooth semi-algebraic maps s.t.
@ |(oo ¢>)(k)||C>O <lfork=1,..r;

o Uger #([0,1]) > 07(B(0, 1))/
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Yomdin-Gromov algebraic lemma

Sketch of Proof of the Reparametrization Lemma

For a C" curve o : [0,1] — RY, we want estimate the local length,
i.e the length of of,-1(p(0,1))-
1. Yomdin's approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
smooth semi-algebraic maps s.t.
@ |(oo ¢>)(k)||C>O <lfork=1,..r;

© User #(10,1]) > 07*(B(0,1)),
o #1F < (C(r,d).
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Yomdin-Gromov algebraic lemma

Sketch of Proof of the Reparametrization Lemma

For a C" curve o : [0,1] — RY, we want estimate the local length,
i.e the length of of,-1(p(0,1))-
1. Yomdin's approach

Lemma (Gromov-Yomdin)
Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
smooth semi-algebraic maps s.t.

@ |(oo ¢>)(k)||C>O <lfork=1,..r;

° U(i)E]: ¢([O, 1]) > 0_1(8(07 1)) ’

o #F < C(r,d).

To estimate the local length of a C" general curve, we proceed as
: . 1 .
follows. Cut the interval [0,1] into [||D"c||7] + 1 subintervals of

”Dl T Reparametrize these intervals by affine
ro|r
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Yomdin-Gromov algebraic lemma

In fact we want estimate the volume of a|0.71(3(071))m{gSHUIHQa}.
2. New approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
affine maps s.t.
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In fact we want estimate the volume of a|0.71(3(071))m{gSHUIHQa}.
2. New approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
affine maps s.t.
°

o [(co0d)|ww<1fork=1,..r;
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In fact we want estimate the volume of a|0.71(3(071))m{gSHUIHQa}.
2. New approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
affine maps s.t.
°

o [(60¢) W <1fork=1,..,r;

® Uper #([0,1]) > 07(B(0, 1)),
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Yomdin-Gromov algebraic lemma

In fact we want estimate the volume of a|0.71(3(071))m{gSHUIHQa}.
2. New approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
affine maps s.t.
°

o [(60¢) W <1fork=1,..,r;

© Uger #([0,1]) > 07(B(0,1))
o {F < C(r,d).
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Yomdin-Gromov algebraic lemma

In fact we want estimate the volume of o|,-1(5(0,1)) )N{2<o7]| <28} -
2. New approach

Lemma (Gromov-Yomdin)

Assume ||(0)() |0 < 1 then 3F = (¢ : [0,1] — [0,1]) a family of
affine maps s.t.

o
o (cod) M| <1 fork=1,..r

© Uger #([0,1]) > 07(B(0,1))
o {F < C(r,d).

Lemma
!

Assume Vt,s € [0,1], ||o’(t) — o'(s)|| <
of (affine) maps s.t.
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Yomdin-Gromov algebraic lemma

Lemma (Gromov-Yomdin)

Assume ||D"ol||oo < 1 < a then 3F = (¢ : [0,1] — [0,1]) a family
of (s.a.) maps s.t.
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Yomdin-Gromov algebraic lemma

Lemma (Gromov-Yomdin)

Assume ||D"ol||oo < 1 < a then 3F = (¢ : [0,1] — [0,1]) a family
of (s.a.) maps s.t.

C ||D(UO¢)||OO <1+ HD(O”OQB)HOO < g;

18/19) David Burguet Entropy



Yomdin-Gromov algebraic lemma

Lemma (Gromov-Yomdin)

Assume ||D"ol||oo < 1 < a then 3F = (¢ : [0,1] — [0,1]) a family

of (s.a.) maps s.t.
® [D( 0 d)lloc <1 4 [[D(0" 0 §)lloc < &

° User ¢([0,1]) D 07(B(0,1)) + (o')7*(B(0, 2a));
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Yomdin-Gromov algebraic lemma

Lemma (Gromov-Yomdin)

Assume ||D"ol||oo < 1 < a then 3F = (¢ : [0,1] — [0,1]) a family
of (s.a.) maps s.t.

® [D( 0 d)lloc <1 4 [[D(0" 0 §)lloc < &

° User ¢([0,1]) D 07(B(0,1)) + (o')7*(B(0, 2a));

o #{F < (C(r,d).

We conclude that the volume of a]0_1(5(071))“%SHU/”QQ} is
bounded from above by

_1
[(HD ZH"°> "1+ 1 up to a multiplicative constant.
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Yomdin-Gromov algebraic lemma

The induction

We are working in local small charts along the orbit of x :

Toh=exprs (e 1) o T oexpraiy(e.)

One can choose € small enough ||D*Ty|jcc <1 forall2 <s <r.
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The induction

We are working in local small charts along the orbit of x :

Toh=exprs (e 1) o T oexpraiy(e.)

One can choose € small enough ||D*Ty|jcc <1 forall2 <s <r.

We put T" = T,0 T,_10...0 T1. Then compute the r-derivative
of T"oo.

Painful ! It involves in particular the s-derivative of T""! o ¢ of
order less than r, but they are related with the r derivative by
using Landau-Kolmogorov type inequalities.
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