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the tangent bundle.

M compact smooth manifold,
H :=

{
f ∈ Diff 1(M) admits an homoclinic tangency

}
.

Any f ∈ Diff 1(M) \ H is h-expansive

and thus has a principal symbolic extension.

Any generic f ∈ H has no symbolic extension.
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M of dimension d , f ∈ C r (M), r ≥ 1

Growth rate of the derivative :

R(f ) := lim
n

1

n
sup

x
log+ ‖Dx f n‖.

Tail entropy of C r maps :

Theorem

h∗(f ) =
dR(f )

r
.

In particular for r =∞,

h∗(f ) = 0.

Any C∞ dynamical system has a measure of maximal entropy.
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Theorem

Assume f is real analytic then there exists a constant C > 0 such
that for any ε > 0

h∗(f , ε) ≤ C
log (| log ε|)
| log ε|

.

Explicit rate of convergence in ultradifferentiable classes which are
sharp in many case.

But for the real analytic classe we conjecture that the optimal rate
is in 1/| log ε|. Surface real-analytic example with such a rate (non
degenerate homoclinic tangency).
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f ∈ Diff 1(M), µ ∈M(M, f ),
Lyapunov exponents :

∀0 < k ≤ d , χ+ :=
∑

0<i≤k

χ+
i (µ) =

∫
lim

n

1

n
log+ ‖Λk Dx f n‖ dµ(x)

Upper semi-continuity

M(M,F ) → R,
µ 7→

∑
0<i≤d

χ+
i (µ)

defines a u.s.c. function.
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C r interval/circle map or surface diffeomorphism f

Theorem

h + χ+

r−1 est une superenvelope.

The entropy function is a difference of u.s.c. functions.
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For δ > 0,

Per δn := {p ∈ Pern, χ1(p) > δ > −δ > χ2(p)}

p∗δ (f ) := lim sup
n

1

n
log sup

x
]B(x , n, ε) ∩ Per δn .

a. δ-expansiveness for r =∞ :

Theorem

p∗δ (f ) = 0

.
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Semi-algebraic set :

A =
⋃

finite

{P1 > 0, ...,Pr > 0,Pr+1 = 0}.

Degree of A : deg(A) =
∑

i deg(Pi ).

For φ :]0, 1[d→ Rd we let

‖φ‖r := max
α, |α|≤r

sup
x∈]0,1[d

‖∂αf (x)‖

Theorem

Let A ⊂ [0, 1]d be a semi-algebraic set. There exists a collection of
finite maps (φi :]0, 1[d→ A)i∈I s.t.

A =
⋃

i∈I φi (]0, 1[d ),

‖φi‖r ≤ 1,

]I ≤ C (deg(P), d).
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Theorem

Let σ :]0, 1[d→ Rd be a C r map. Then there exists a collection of
finite maps (φi :]0, 1[d→ Rd )i∈I s.t.

σ−1(B(0, 1)) ⊂
⋃

i∈I φi (]0, 1[d ),

‖σ ◦ φi‖r ≤ 1,

]I ≤ C (deg(P), d)‖σ‖d/r
r .
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Newhouse local entropy and local volume growth

σ : [0, 1]k → M of class Cr with 1 ≤ k ≤ d , ε > 0 and F ⊂ M,

v(σ, ε,F ) := lim sup
n

1

n
ln+ sup

x∈F

∫
σ−1B(x ,n,ε)

‖Λk Dy (T n ◦ σ)‖k dλ(y)

ν ∈Me(M,T ),

v(ν, ε) := lim
α→1

inf
ν(Fα)>α

sup
σ:[0,1]lν→M

maxk=1,...,r ‖Dkσ‖∞≤1

v(σ, ε,Fα)

Theorem (New)

∀ε > 0, ∀ν ∈Me(M,T ),

hNew (ν, ε) ≤ v(ν, ε)

10/19 David Burguet Entropy



Semi-algebraic sets
Entropy for C r smooth systems

Yomdin-Gromov algebraic lemma

Newhouse local entropy and local volume growth

σ : [0, 1]k → M of class Cr with 1 ≤ k ≤ d , ε > 0 and F ⊂ M,

v(σ, ε,F ) := lim sup
n

1

n
ln+ sup

x∈F

∫
σ−1B(x ,n,ε)

‖Λk Dy (T n ◦ σ)‖k dλ(y)

ν ∈Me(M,T ),

v(ν, ε) := lim
α→1

inf
ν(Fα)>α

sup
σ:[0,1]lν→M

maxk=1,...,r ‖Dkσ‖∞≤1

v(σ, ε,Fα)

Theorem (New)

∀ε > 0, ∀ν ∈Me(M,T ),

hNew (ν, ε) ≤ v(ν, ε)

10/19 David Burguet Entropy



Semi-algebraic sets
Entropy for C r smooth systems

Yomdin-Gromov algebraic lemma

Newhouse local entropy and local volume growth

σ : [0, 1]k → M of class Cr with 1 ≤ k ≤ d , ε > 0 and F ⊂ M,

v(σ, ε,F ) := lim sup
n

1

n
ln+ sup

x∈F

∫
σ−1B(x ,n,ε)

‖Λk Dy (T n ◦ σ)‖k dλ(y)

ν ∈Me(M,T ),

v(ν, ε) := lim
α→1

inf
ν(Fα)>α

sup
σ:[0,1]lν→M

maxk=1,...,r ‖Dkσ‖∞≤1

v(σ, ε,Fα)

Theorem (New)

∀ε > 0, ∀ν ∈Me(M,T ),

hNew (ν, ε) ≤ v(ν, ε)

10/19 David Burguet Entropy



Semi-algebraic sets
Entropy for C r smooth systems

Yomdin-Gromov algebraic lemma

Newhouse local entropy and local volume growth

σ : [0, 1]k → M with 1 ≤ k ≤ d , ε > 0, F ⊂ M and χ > 0.

v(σ, ε,F , χ) := lim sup
n

1

n
ln+ sup

x∈F

∫
σ−1B(x,n,ε)

∩{ 1
n
log ‖D(T n◦σ)‖'χ}

‖Λk (Dy T n◦σ)‖k dλ(y)

ν ∈Me(M,T ),

v(ν, ε) := lim
α→1

inf
ν(Fα)>α

sup
σ:[0,1]lν→M

maxk=1,...,r ‖Dkσ‖∞≤1

v(σ, ε,Fα, χ1(ν))

Theorem (New)

∀ε > 0, ∀ν ∈Me(M,T ),

hNew (ν, ε) ≤ v(ν, ε)
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Proposition

Let (εk )k be a sequence of positive numbers decreasing to 0. Then
the sequence of functions h − hNew (., εk ) defines an entropy
structure.

To prove the Main Proposition for lν = 1 it is enough to prove the
following one

Proposition

∀µ ∈M(M,T ) ∃δµ > 0 ∃εµ ∈ N
∀ν ∈Me (M,T ) with dist(ν, µ) < δµ and lν = 1

v(ν, εµ) .
1

r − 1

(
χ+
1 (µ)− χ+

1 (ν)
)

12/19 David Burguet Entropy
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Reparametrization Lemma

Lemma

Let T : M → M be a Cr map with r > 1, then ∃ε > 0 s.t.
∀σ : [0, 1]→ M with max1≤k≤r ‖Dkσ‖ ≤ 1
∀χ > 0 ∀n ∈ N ∀x ∈ M
∃Fn = (φn : [0, 1]→ [0, 1]) a family of affine maps satisfying

‖(T n ◦ σ ◦ φn)′‖∞ ≤ 1 ;⋃
φn∈Fn

φn([0, 1]) ⊃
σ−1

(
B(x , n, ε) ∩ { 1n log ‖(T n ◦ σ)′‖ ' χ}

)
;

log ]Fn

n . 1
r−1

(
1
n

∑n−1
k=0 log+ ‖DT k x T‖ − χ

)
.

13/19 David Burguet Entropy
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Proof of the Main Proposition assuming the
Reparametrization Lemma

Let µ ∈M(M,T ), we want to prove there exist δµ > 0 and εµ > 0
s.t. for ergodic measure ν δµ-close to µ

v(ν, εµ) .
1

r − 1

(
χ+
1 (µ)− χ+

1 (ν)
)

Choice of δµ :

χ+
1 (µ) = inf

n

1

n

∫
log+ ‖Dx T n‖dµ(x) '

∫
log+ ‖Dx T‖dµ(x)

Choose δµ > 0 s.t. for ν δµ-close to µ so that∫
log+ ‖Dx T‖dν(x) '

∫
log+ ‖Dx T‖dµ(x)

14/19 David Burguet Entropy
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Choice of εµ : Apply the Reparametrization Lemma to T , you

get εµ such that for all subset F of M, for all σ : [0, 1]→ M
with max1≤k≤r ‖Dkσ‖ ≤ 1,

v(σ, εµ,F , χ
+
1 (ν)) . limn

1

n
sup
x∈F

1

r − 1

(
1

n

n−1∑
k=0

log+ ‖DT k x T‖ − χ+
1 (ν)

)
Choice of Fα : For all α < 1 we choose by the Ergodic
Theorem a Borel set Fα with ν(Fα) > α s.t.(
1
n

∑
k=0,...,n−1 log+ ‖DT k x T‖

)
n

converges uniformly in

x ∈ F to
∫

log+ ‖Dx T‖dν(x).

Conclusion : We get finally for ergodic measures ν δµ-close to
µ,

v(ν, εµ) .
1

r − 1

(∫
log+ ‖Dx T‖dν(x)− χ+

1 (ν)

)
.

1

r − 1

(
χ+
1 (µ)− χ+

1 (ν)
)15/19 David Burguet Entropy
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Yomdin-Gromov algebraic lemma

Sketch of Proof of the Reparametrization Lemma

For a Cr curve σ : [0, 1]→ Rd , we want estimate the local length,
i.e the length of σ|σ−1(B(0,1)).
1. Yomdin’s approach

Lemma (Gromov-Yomdin)

Assume ‖(σ)(r)‖∞ ≤ 1 then ∃F = (φ : [0, 1]→ [0, 1]) a family of
smooth semi-algebraic maps s.t.

‖(σ ◦ φ)(k)‖∞ ≤ 1 for k = 1, ..., r ;⋃
φ∈F φ([0, 1]) ⊃ σ−1(B(0, 1)) ;

]F ≤ C (r , d).

To estimate the local length of a Cr general curve, we proceed as

follows. Cut the interval [0, 1] into [‖Drσ‖
1
r ] + 1 subintervals of

size less than 1

‖Drσ|
1
r

. Reparametrize these intervals by affine

contractions φ. Then we have ‖Drσ ◦ φ‖∞ ≤ 1. By applying the
above lemma, the local length of σ is bounded from above by

‖Drσ‖
1
r + 1 up to a multiplicative constant.
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Yomdin-Gromov algebraic lemma

In fact we want estimate the volume of σ|σ−1(B(0,1))∩{ a
2
≤‖σ′‖≤2a}.

2. New approach

Lemma (Gromov-Yomdin)

Assume ‖(σ)(r)‖∞ ≤ 1 then ∃F = (φ : [0, 1]→ [0, 1]) a family of
affine maps s.t.

‖(σ ◦ φ)(k)‖∞ ≤ 1 for k = 1, ..., r ;⋃
φ∈F φ([0, 1]) ⊃ σ−1(B(0, 1)) ;

]F ≤ C (r , d).

Lemma

Assume ∀t, s ∈ [0, 1], ‖σ′(t)− σ′(s)‖ ≤ ‖σ
′‖∞
3 then ∃F a family

of (affine) maps s.t.

‖D(σ ◦ φ)‖∞ ≤ 1 ;⋃
φ∈F φ([0, 1]) ⊃ σ−1(B(0, 1)) ;

]F ≤ C (d).

For a general curve σ we proceed as follows. We first apply the
following one parameter version of Gromov-Yomdin Lemma for σ′

and r − 1 to cut the interval [0, 1] into subintervals on which
‖σ′(t)− σ′(s)‖ ≤ a

6 . Then the volume σ|σ−1(B(0,1))∩{ a
2
≤‖σ′‖≤2a} is

bounded from above by the number of subintervals up to a
multiplicative constant.
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Lemma (Gromov-Yomdin)

Assume ‖Drσ‖∞ ≤ 1 ← a then ∃F = (φ : [0, 1]→ [0, 1]) a family
of (s.a.) maps s.t.

‖D(σ ◦ φ)‖∞ ≤ 1 ← ‖D(σ′ ◦ φ)‖∞ ≤ a
6 ;⋃

φ∈F φ([0, 1]) ⊃ σ−1(B(0, 1)) ← (σ′)−1(B(0, 2a)) ;

]F ≤ C (r , d).

We conclude that the volume of σ|σ−1(B(0,1))∩{ a
2
≤‖σ′‖≤2a} is

bounded from above by

[
(
‖Drσ‖∞

a

) 1
r−1

] + 1 up to a multiplicative constant.
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Lemma (Gromov-Yomdin)

Assume ‖Drσ‖∞ ≤ 1 ← a then ∃F = (φ : [0, 1]→ [0, 1]) a family
of (s.a.) maps s.t.

‖D(σ ◦ φ)‖∞ ≤ 1 ← ‖D(σ′ ◦ φ)‖∞ ≤ a
6 ;⋃
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The induction

We are working in local small charts along the orbit of x :

Tn = exp−1T nx (ε−1.) ◦ T ◦ expT n−1x (ε.)

One can choose ε small enough ‖DsTn‖∞ ≤ 1 for all 2 ≤ s ≤ r .

We put T n = Tn ◦ Tn−1 ◦ ... ◦ T1. Then compute the r -derivative
of T n ◦ σ.

Painful ! It involves in particular the s-derivative of T n−1 ◦ σ of
order less than r , but they are related with the r derivative by
using Landau-Kolmogorov type inequalities.
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