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ABSTRACT. We show that a C” (r > 1) map of the interval f : [0,1] — [0,1]

. ’
with topological entropy larger than logI/7llee  5qmits at least one measure

of maximal entropy. Moreover the number of measures of maximal entropy
is finite. It is a sharp improvement of the 2006 paper of Buzzi and Ruette
in the case of C" maps and solves a conjecture of J. Buzzi stated in his 1995
thesis. The proof uses a variation of a theorem of isomorphism due to J. Buzzi
between the interval map and the Markovian shift associated to the Buzzi-
Hofbauer diagram.

1. INTRODUCTION

Entropy is an important invariant of conjugacy which estimates the dynamical
complexity of a system by counting the number of distinguishable orbits. This
can be done at a topological or a measure theoretical level which are related by
a variational principle: the topological entropy is the supremum of the entropy of
invariant probability measures. Measures which realize the supremum are remark-
able, as they reflect all the complexity of the system from the point of view of
entropy. In this paper we discuss the existence of such measures for C" interval
maps with » > 1.

We first recall the definition of entropy for compact topological dynamical sys-
tems. Let (X, d) be a compact metric space and let f : X — X be a continuous
map.

Let S € X, 5 >0and n € N. A subset F of S is an (n,d) separated set of
S if for all 2,y € E with 2 # y there exists 0 < k < n with d(f*z, f¥y) > 4.
We denote by s(n,d, S) the maximal cardinality of an (n,d) separated set of S. A
subset F of X is an (n,d) covering set of S if for all z € S there exists y € F with
d(f*z, fFy) < 6 for all 0 < k < n . We denote by r(n,d, S) the minimal cardinality
of an (n,d) covering set of S. The topological entropy of f denoted by hiop(f) is
defined as follows:

m lim sup 1 log s(n, d, X).

=1
6—0 n—+oco N

htop (f)

If p is an invariant ergodic probability measure we define the measure theoretical
entropy of p by counting the orbits in the sets of u-measure larger than A €]0, 1[:

1
ha(f, 1, 6) :=limsup —log inf s(n,6,Y
NCA)) im sup - gu(y)»( )
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and then for any A €]0, 1] (the limit below does not depend on A by ergodicity):
h(fa :U') = %lm hA(f? Hs 6)
—0

For general invariant measures v one can define the entropy h(f,v) of v as
h(f,v) == [ h(f, p)dM, () where v = [ pdM, () is the ergodic decomposition of
v. This definition is due to Katok [II]. Observe that one can use covering sets
instead of separated sets in the above definitions, as we always have r(n,d,5) <
s(n,d,8) <r(n,0/2,5) [18].

The topological entropy and the measure theoretical entropy are related by the
well known variational principle [12], [13]:

hiop(f) = sup h(f,p)=sup h(f,p)
pEM (X, f) HEM(X,f)
where M (X, f) is the set of f-invariant probability measures and M.(X, f) C
M (X, f) the subset of ergodic mesures.

A measure p € M(X, f) is said to be maximal if A(1) = hiop(f). Such measures
do not always exist and the number of ergodic maximal measures may be infinite.
Under assumptions of expansiveness we can ensure the existence of maximal mea-
sures. By using Y. Yomdin’s theory, S. Newhouse showed that if f is a C> map
defined on a smooth compact manifold X, then the entropy function h is upper
semicontinuous on the compact set M (X, f) endowed with the weak-star topology
and therefore f admits a maximal measure [I6]. Moreover there exist counter-
examples to the existence of maximal measures and to their finitude in the case of
C" maps for any finite r > 0 (see [6] for interval maps and [I5] for diffeomorphisms
on a compact manifold of dimension larger than or equal to 4).

Main Theorem. Letr > 1 and f : [0,1] — [0, 1] be a C" map, such that hiop(f) >

1 Moo . . )
%. Then f admits a maximal measure. Moreover the number of ergodic

mazimal measures is finite.

This result is sharp according to the examples of [6], where the topological en-

tropy is precisely equal to %.
In [7], J. Buzzi and S. Ruette have shown the same result under the stronger
assumption hyop(f) > M. We essentially combine the strategy of their
proof with an estimate of the number of monotone branches with big derivatives
used in [10]. Following the isomorphism theorems of [5] and [8] we prove that
the Markov shift given by the Buzzi-Hofbauer diagram preserves the entropy of
invariant measures with positive entropy. In particular f admits a maximal measure
if and only if the Markov shift does. The works of B. M. Gurevi¢ and S. Savchenko
then give some properties of Markov shifts that do not have maximal measures.
These properties allow us to bound the topological entropy of f from above by
% by shadowing large pieces of typical orbits with critical points.

To prove the existence of maximal measures one uses in most known examples
an argument of upper semicontinuity of the entropy function. Here it is not the
case as the entropy of a C" map may not be upper semicontinuous, even at large
entropy measures. However we show that a large defect of upper semicontinuity
only occurs at small entropy measures.

The definitions of the Buzzi-Hofbauer diagram and the associated Markov shift

together with known isomorphism theorems are recalled in Section 2. In Section 3
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MEASURES OF MAXIMAL ENTROPY FOR C" INTERVAL MAPS 959

we introduce a property of shadowing for invariant measures that we use in the
proof of the Main Theorem presented in Section 4. The last section deals with the
defect of upper semicontinuity of the entropy function.

2. MARKOV SHIFT

We recall in this section the construction of the Buzzi-Hofbauer Markov diagram
for C! interval maps. We first recall the definitions and some properties of the
Markov shift given by an oriented graph and the symbolic dynamic associated to
the natural partition in monotone branches.

2.1. Markov shift on oriented graphs. Let G be a countable oriented graph.
Let u,v € G. We use the notation u — v when there is an oriented arrow from u to v.
Consider X(G) := {(vn)n € G%, Vn € Z,v,, — vy11}. The Markov shift on G is the
shift o((vn)n) = (Un41)n on 2(G). Remark that X(G) is a priori not compact. We
define the entropy h(G) as the supremum of h(c, &) over all o-invariant probability
measures £ (we refer to [I8] for entropy in the general context of measure preserving
systems). A o-invariant measure £ is said to be maximal if h(o,&) = h(G). If F is
a finite set of vertices we write [F] := {(v,)n € £(G), vo € F'}.
The proposition below follows from results of Gurevich and Savchenko [14]:

Proposition 1 ([7]). Let G be a countable oriented graph with entropy 0 < h(G) <
+oo. Assume that X(G) does not admit mazimal measure or that 3(G) admits an
infinite number of mazximal ergodic measures.
Then there exists a sequence of ergodic o-invariant measures (&, )m such that:
e lim,, h(0,&n) = h(G);
o for all finite set of vertices F, lim,, &, ([F]) = 0.

2.2. Symbolic dynamics associated to the natural partition. We call a
monotone branch (with respect to f) any subinterval J of [0,1] such that the in-
terval map f is monotone on J. Let C' be the critical set of f, i.e. the set of
points which do not belong to the interior of any monotone branch of f. It is a
compact subset of the set of vanishing points of the derivative f’. Let us denote
by P the set of connected components of [0,1] \ C. The two-sided symbolic dy-
namic Y(f, P) associated to f is defined as the shift on the closure in PZ (for the
product topology) of the two-sided sequences A = (A,) such that for all n € Z
and [ € N the word A, ... A, is admissible, i.e. mf:o ftA, 1 # 0. The fol-
lower set of a finite P-word B,, ... By is fol(By ... Buy)) := {Ant1Antit1-.- €
PN st. 3(A,) € X(f,P) with A,... A,y = B,...B,}. Let N := {A €
S(f, P)¥ng In > ng, fol(A_,...Ap) # fol(A_p, ... Ap)}. Then the Markovian
subshift X, (f, P) of X(f, P) is defined as follows:

S(£,P)\Zu(f, P):= | o”N.
PEZ

By an argument of ergodicity [6] one can see that any ergodic invariant proba-
bility measure v on X(f, P) with v(X(f, P)) # 1 satisfies v(IN) = 1.

The symbolic dynamics extends the dynamic on the interval as follows. For any
A= (A,) € X(f, P) welet m(A) := ey mf:o f~tA;. Since f is monotone on each
element of P the set ﬂf:o f7lA; is an interval for all k € N. In particular m(A)
is a point or a compact nontrivial interval, but this last possibility occurs only for
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a countable set of elements of X(f, P). Therefore the application 7 extends to a
Borelian map from X(f, P) to the interval [0, 1]. Now we recall Lemma 5.3 of [6]:

Proposition 2 ([6], [8]). The projection w : 3(f, P) — [0,1] induces a bijection
T preserving entropy between ergodic invariant probability measures of (X(f, P), o)
and ([0, 1], f) with positive entropy.

2.3. Markov diagram and isomorphism theorem. Let P be the set of ad-
missible P-words. We endow P with the following equivalence relation. We say
A_,...Ag~ B_,,... By if and only if there exists 0 < k < min(m,n) such that:
(] A_k...AO :B_k...BO;
o Mg FPA =y flA ie. fol(A_,...Ag) = fol(A_y ... Ag);
o Ny f'Boi =Ny fiB_i,ic. fol(B_p...Ag) = fol(B_y...Ap).
We endow D := P/ ~ with a structure of oriented graph in the following way
[6]: there exists an oriented arrow o — 8 between two elements «, 8 of D if and
only if there exists an integer n and A_,, ... AgA; € P such that « ~ A_,, ... Ag

and 8~ A_, ... AgA;. This graph is known as the Buzzi-Hofbauer diagram. We
recall now the corresponding isomorphism theorem (Theorem 5.7 of [6]):

Theorem 1 ([6], [8]). The map 7 : (D) — X(f, P) defined by n((atn)n) = Bn,
where B, is the last letter of the word «,, realizes a measurable conjugacy be-
tween (D) and Xpr(f, P). In particular any invariant measure v on S(f, P) with
v(Za(f, P)) =1 lifts to a unique measure in X(D) with the same entropy.

To summarize we have the following diagram. All the semiconjugacies in the
diagram preserve the entropy of measures. The sign = means that the semiconju-
gacy is a bijection between ergodic invariant measures with positive entropy. In the
whole paper all the semi-conjugacies will be denoted by 7 (without any confusion).

(X(D) g) == (Eum(f,P),0)

(/. P)

([0, 1], f)

We let Dy be the subset of D generated by elements of Uszl PF ie. a €
Dy if and only if there exists 0 < &k < N and A_j...Ag € P such that o ~
A_ ... Ag. We call the significative part of & € D the word A_,,_ ... Ay where
N is the smallest integer N such that o € Dy (in particular fol(A_, ... Ao) #
fol(A_y +1...Ap) when ny, > 0). We will also make use of the following lemma
proved in [7]:

Lemma 1 ([7]). Let (&)m be a sequence of o-invariant ergodic measures on %(D)
such that:

e h(0,&n) >0 for all m;
e for any finite set of vertices F of D, lim,, &, ([F]) = 0.

Then for all N € N we have lim,, &,,([Pn]) = 0.
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3. THE SHADOWING PROPERTY

We introduce in this section a notion of shadowing for invariant measures, which
is convenient in the proof of the Main Theorem. For any A € X(f, P) and any
N € N we first define ry(A) as the least n € NU {400} with n > N such that
fol(A_p_1...Ap) # fol(A_, ... Ap). Observe that this last inequality implies
that there exists a point y in dA_,,_1 such that f(y) € Lo f ' A_nis: the point
y shadows the piece of orbit A_,_1 ... Ap.

An ergodic invariant measure of X(f, P), respectively a sequence (V) of er-
godic invariant measures of X(f, P), is said to satisfy the shadowing property
when for all integers N,

v(iry < +o00) =1,
respectively lim v, (ry < +o00) = 1.

The next two lemmas obviously follow from the definitions of Dy and X (f, P).
The proofs are left to the reader.

Lemma 2. Let v be an ergodic o-invariant measure on X(f,P) such that
v(Ea(f,P)) =0. Then v satisfies the shadowing property.

Lemma 3. Let (§,)m be a sequence of ergodic o-invariant measures of 3(D) such
that lim, &, ([Dn]) = 0 for all integers N. Then the induced sequence (Vpm)m =
(7*&m)m on X(f, P) satisfies the shadowing property.

Let € > 0 and N € N and let v be an ergodic invariant probability measure on
X(f, P) with v({ry < +00}) > 1 — € and h(o,v) > 0. For any such triple (v, N, ¢)
we will associate a set of large v-measure for which we manage to estimate the
number of monotone branches intersecting its m-image in [0,1]. These estimates
will then be used in the next section to prove the Main Theorem.

We choose N’ large enough (depending on v) such that v({ry < N'}) > 1 —c¢,
and by ergodicity we may consider a Borel set B of X(f, P) with v(B) > 1— € such
that %ﬂ {O <k<n, cfAec{ry < N’}} >1—¢ for all A in B and for all large n.
To any A € B and for any large n we associate disjoint intervals of integers [a;, b;]
forieI:={1,...,7} such that:

[a;,b;] C [0,n[ for all ¢ € I;

n;:=b; —a; > N forall i € I;

k=40, n[— U, las, b)) < N’ + en;
fol(Ag,—1Aa, ... Ap,) # fol(Ag,Aq, .. Ap,).

This is done as follows. We put ag := n and we define by induction for i > 1:

b; = max {k € [0,a;,_1], o"A € {ry < N'}},

a; = bZ — TN(O'biA).

We stop the process at the last integer j satisfying b; — ry (ot A) > 0. Finally we
put b1 = 0.

Let p = m*v € M([0,1], f). We remark that h(f,u) = h(o,v) > 0 by Propo-
sition 21 and that p(m(B)) > 1 —e. We will denote by A, := [log|f’|(x)du(x)
the Lyapunov exponent of u. We consider a (d,n) separated set F' C w(B) with
maximal cardinality. For any x € F we choose A € B with = 7(A) and we let
ai(z) = a;(A),bj(x) = b;(A) and k,(x) = k,(A).
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Claim. Up to dividing the cardinality of F' by e®(©) for some function ¢ satisfying
e—0,

¢(e,N) N0, one can assume a;(z), bi(z) independent of x € F and thus

ky(x), but also lx(z) := [—log™ |f/(f*z)|] + 1 for k ¢ U, las,bi] (the symbol

[.] denotes the usual integer part of a real number and log™ = min(log,0) is the

negative part of the logarithm).

Proof of the Claim. For points in a set of arbitrarily large py-measure and large n
we have by ergodicity

LS g () 4128 = - / log™ [/'|(x)dpa(z) + 2.

" kQUieI]aivbi]

This last integral is finite, more precisely less than log™ || f'||s, because we have
Ay = [log|f'|(z)du(z) > h(f,p) > 0 by Ruelle inequality. Recall also that &, :=
800, n[— U, lai, bi] < N’ +en. Therefore the number of possible sequences (Ix(z))

S
with & € [0,n[— U,c/[ai, bi] and for z € F is less than (Z ) and thus by Stirling’s

n

formula grows exponentially as nSH(£x) with H(t) = —tlogt — (1 — t)log(1 — ¢).

Our Claim then follows from lim; ,o H(t) = 0 and limsup,, 5S <e. a

Now by Lemma 4.1 of [10] (see also Lemma 3 of [2] for an alternative proof)
the number of elements of P, that is, the number of monotone branches where
the absolute value of f’ at some point exceeds e, is less than ce™T for any
[ € N, where ¢ is some constant depending only on f. For any k ¢ U, ]a:, bi],

the set f*F meets at most 266% monotone branches for f* with L = n; + 1
if k = a; for some i € I and L, = 1 if not and with I the common value of the
function Iy, in F, i.e. Iy = lg(z) for any € F. Indeed for any z = n(A) € F
we have fol(Aq,—1A4aq, ... Ap,) # fol(Aqa,Aqa, ... Ap,), and thus there exists y in the
boundary of A,, such that f!~%y € A, for t = a;,...,b;. Therefore f*z belongs
to the monotone branch for "1 given by A,,,..., Ay, if and only if so does one of
the two boundary points of A,,. Finally recall that the number of possible intervals

la;

A,, € P is at most ce™1.

iel

4. PROOF OF THE MAIN THEOREM

We will first prove that an ergodic measure with the shadowing property has
zero entropy.

Proposition 3. Let f : [0,1] — R be a C" interval map with r > 1 and let
S(f, P) be the symbolic dynamics associated to the natural partition as defined in
Section 2.2. For any ergodic o-invariant probability measure v on X( f, P) satisfying
the shadowing property we have

h(f,m*v) =0.

This last proposition improves, in the case of C" maps with r > 1, Theorem 6.1
of [5], which holds for C' maps but asserts only that h(f, u) < hiop(C). Together
with Proposition Pl and Lemma 2] we get:

Corollary 1. The projection m : Xp(f, P) — [0,1] induces a bijection between
ergodic invariant measures of (X (f, P),o0) and ([0,1], f) with positive entropy,
which is entropy preserving.
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Finally we asymptotically bound from above the entropy of a sequence of ergodic
o-invariant measures satisfying the shadowing property.

Proposition 4. Let (Vi )m be a sequence of ergodic o-invariant measures on 3( f, P)
satisfying the shadowing property. Then we have for any weak limit p = limy, fiy,,
of (/me)m With fiym = TV,

log™ | f'|d
limsup h(f, ftm,) < M.
k T

Together with Theorem [I] Lemma [I Lemma Bl and Corollary [Il we easily get as
a consequence:

Corollary 2. The projection 7 : (D) — [0,1] induces a bijection ©* preserving
entropy between ergodic invariant measures of (X(D), o) and ([0, 1], f) with entropy
larger than %.

We will prove Proposition [3] and Proposition B later. We first deduce the Main
Theorem from these propositions.

Proof of the Main Theorem. We consider a C" (r > 1) interval map, f : [0,1] —
[0,1], such that hs,(f) > %. We argue by contradiction: assume f does
not admit a maximal measure or admits an infinite number of ergodic maximal
measures; then it also does for the Markov shift (3(D), o) according to Corollary [2
Moreover hop(f) = h(G). Therefore by Proposition [Il there exists a sequence
(&m)m of ergodic o-invariant measures on X(D) such that lim,, h(c, &) = hiop(f)
and such that for any finite set of vertices F' we have lim,, &, ([F]) = 0. It follows
from Proposition [ that lim,, &,([Py]) — 0 for all N € N, and the sequence
(Vm)m = (7%&n)m of induced measures on X( f, P) therefore satisfies the shadowing
property according to Lemma [Bl Finally we conclude by Proposition ] by writing

(7*Vm)m = (tm)m such that limsup,, h(f, ) = limsup,, h(o, &) < %,

. . . 1og || £/ ||os
which contradicts the assumption hyop(f) > M. (]
We now proceed to the proofs of Proposition [Bl and Proposition [

Proof of Proposition 8. We consider an ergodic o-invariant measure v on %(f, P)
with the shadowing property and h(o,v) > 0. Let u := n*v. Fix § > 0 and let us
prove hyo(f,p,0) < 0. As Ay > h(u) > 0 the function log|f’| is integrable with
respect to p, and therefore one can choose a large integer K such that

1 /
[ oslfl=1du<s/a
[f/|<e=¥

r—1

Let Pg :={A € P, sup,c4 |f'(z)| > e ¥}. Wenow choose £ > € >0and N € N
such that ¢(e, N) < 6/4, (6 1efPr)" < e¥/* and —zloga < §/4 for all 0 < z < 2e.
As v satisfies the shadowing property we have v({ry < 4o00}) = 1. Let F, B,
(a;),. .. be the data associated to the triple (v, N, €) as in the end of Section 3. Let
Kn = {k & U;crlai, bi],lx > K}. By taking a smaller set B one can assume by
ergodicity that %Zkelcn % < 6/4 for large enough n. Let Es = 26NN [0,1]. For
any k ¢ U,;c/lai, bi] the set [y, == U o<icr, f|;i+1E5, where the union is

(Ag,-osAgtrny, —1
over all monotone branches ﬂ0§l<Lk ftAyy for fE+ intersecting fFF, is a (6, L)
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covering set of f*F by a standard argument. Therefore F' may be (25,n) covered
by at most [[, #F} points, and then we have for some constant C:

r(n,36,7(B)) < r(n,26,F)
< €¢(€’N)"HﬁFk

< (€ N)"6 ke HLk H ce T 1 H HPK
ke, kEK,
z n
< Ce b (e, N)n( CﬁPK)En - ke’C te HLk:
k
 XkeKn lk
By assumption the terms e?(&N)" (§=1cf Py ) and e”~ 1 are all less than

e®/* Now by the arithmetic mean-geometric mean inequality we have ([ ], Lk)l/ Fn

< Z,’; Li < 4+, and therefore for large n we get by the choice of e:

logHLk < —k—log<k ) <.

By using Katok’s definition of entropy recalled in the introduction we finally
conclude that hy/5(f, pt,0) < 0. |

Proof of Proposition . Let ¢ > 0 and N € N. For m large enough we have
Um({ry < 4+00}) > 1 —e. We can also clearly assume h(o,v,,) > 0. Let F,
B, (a;),... be the data associated as above to the triple (v,,, N,€). The set F

/ l
meets at most (NI TT, e~ 771 monotone branches for f". As at most n/é
(n, §)-separated points may lie in the same monotone branch for f™ for any ¢ > 0,
we have
s(n,o,m(B)) = {F

n / lg
v o éd(e,n)n 2(en+N7) — &
5¢ c 1;[ e 1

IA

n 1y S = log [T (@) dpum (x)
_e¢(e,n)nc2(en+N )e o .

IN

Then by using Katok’s entropy formula we get up to changing ¢(e, N):

J ~log \f;\:(lw)d”m(x) + (e, N)

Jlog™® | f'|(z)dpm (x) — Ay,

r—1

h(fpm) <

IA

+ ¢(e, N).

But we also have by Ruelle inequality h(f, ptm) < Ay, . By combining these two
inequalities we get

h(f, tim)

IN

S bn) + A
[ 1og" 1f'|(@)dpn )

r

+ ¢(e, N).

Licensed to Biblio University Jussieu. Prepared on Mon May 14 11:50:48 EDT 2018 for download from IP 81.194.27.167.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MEASURES OF MAXIMAL ENTROPY FOR C" INTERVAL MAPS 965

Then by taking the limsup in m and the limits in € and N we get by upper
semicontinuity of & — [log™ |f’|(z)d¢(x):

[ log" |f'|(z)dp()

r

limsup h(f, pm) <

5. NONUPPER SEMICONTINUITY OF THE ENTROPY FUNCTION

This section deals with the properties of upper semicontinuity of the entropy
function for C” interval maps f : [0,1] — [0, 1]. To simplify the notation we let h(.)
for h(f,.). We consider the defect / of upper semicontinuity defined as follows:

Ve M(X, f), h(p)=limsuph(v) — h(p).
V=i
Following Y. Yomdin [19] it was proved by J. Buzzi [6] that for C™ (r > 1) maps
f on a compact manifold X of dimension d:

dlog [|.f/"]|o0
e

(1) [

The author has refined this inequality in [I] at the measure theoretical level as
follows: h < %, where )\ is the maximal Lyapunov exponent. For one dimen-
sional maps the works of T. Downarowicz and A. Maass [I0] on symbolic exten-
sions give another proof of this inequality (without referring to Yomdin’s theory
and semi-algebraic tools) but also allow us to estimate the entropy of measures
with a large defect. We state this remark as a corollary of the Antarctic theorem
of T. Downarowicz and A. Maass [10].

Corollary 3. Let f be a C" interval map with r > 1. For any p € M([0,1], f) we
let a,, € [0,1] be such that k() = aﬂ%. Then

(2) h(p) < (1—au)A).
In particular a measure p at which the defect is “mazimal”, a, = 1, has zero
entropy.

Let us explain in more detail how the above corollary follows from the Antarctic
theorem. In [I0] the authors study the convergence of entropy structures (hy). Such
a sequence is a nondecreasing sequence of functions converging pointwise to the
entropy function in some specific way (we refer to the book [9] for further details).
One may choose the functions hy to be upper semicontinuous. The Antarctic
theorem then states that

A+ o\
(3) lilgn (h — hy + ) =0.

r—1

We now explain how Corollary Bl follows from the above estimate.

Proof of Corollary Bl Together with the triangular inequality, (f +¢) < f + 9,
we get by upper semicontinuity of hg:

A\
<h+ ) =0.
r—1
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Now consider a sequence (v,), of invariant measures such that lim, h(v,) =

+
h+h(p) = a“)\—“ + h(p). Then we conclude with the Ruelle inequality that

T

Ay A
> : Un
h(p) + i hmnsup <h(1/n) + p— 1)
> 1+ 1 lim h(
= —1 lrIzn VTL)7
(r—1Dh(p) + /\lf > au)\;r + rh(p),

that is,
(1—a )N} > h(p).
O

Remark 1. The estimate (B]) holds true for C™ (r > 1) surface diffeomorphisms [4],
and therefore so does Corollary [3

We review now some situations where upper semicontinuity of the entropy may
fail. A classical criteria to ensure the existence of maximal measures is the upper
semicontinuity of the entropy function. But this does not hold for general C" maps,
as shown by the example produced in [6]. In this example the Dirac measure at

the fixed point 0 is a limit of ergodic measures (u,), with entropy % > 0.
One can easily modify this example to get a map with the same property but also
admitting an invariant measure with h(p) ~ log || f/||cc (see for example [3]). Then
for any a € [0, 1] we have with v, = adp + (1 — a)pn:
h(ady + (1 —a)p) > limsuph(v,) — h(ady + (1 — a)p)
1og ||flloo
a——.
r

This proves that inequality (2] obtained in the above corollary is sharp because
h(ado+(1—a)u) ~ (1—a)log || f'||. In particular entropy may not be upper semi-
continuous even at large entropy measures. In the previous example the sequence
(Vn)n and its limit are not ergodic.

We present now a similar example where the sequence (v,), is ergodic (but
not its limit). We just outline the construction. To simplify the exposition the
parameter a, will be equal to %; i.e. for any r > 1 we will exhibit an example with
a sequence (v,,) of ergodic invariant measures converging to some invariant measure
w such that h(p) = % and limsup,, h(vy,) = % (1+1).

We consider a C” interval map f as follows. The point 0 is a repulsing fixed
point, f'(0) = ||f'lcc = 2 and f is linear close to zero. Moreover there exist disjoint
intervals of monotonicity (Jo, Ji, I}, ..., IN» n € N) such that:

e f(Jo) = f(J1) covers the union U of all these intervals;

e cach interval I¥ for k < N,, is n times successively expanded near 0 and
fIF also covers U;

log Ny __ lng/(O)
n T '

e lim,

Such a map can be built by adapting the construction in [I7] and [3]. We skip
the technical details and we refer these papers to the interested reader.
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The collection of intervals 07;01 L fid fori=1,2and j =1,..., N,

l=n
defines a 2n-horseshoe; i.e. the corresponding compact invariant set for f27 is

conjugated to a full shift with 2"N,, symbols. Let v, be the maximal entropy
invariant measure carried by this horseshoe. The sequence (v,), is converging to
% (60 + p) where p is supported by the horseshoe defined by Jy and Ji, in particular
h(p) <log2. We therefore have

1og || [lo 1 log [|f [l
lim h(vy) = % (1 ¥ _> and h(limv,) < %.
n r n

As already said the limit however is not ergodic. It leads to the following open
question:

Question. Is the entropy function of a C" interval map with r > 1 upper semicon-
tinous at ergodic measures with positive entropy?
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