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Abstract

In this paper, we prove that ergodic measures with large entropy give uniformly large

measure to the set of points with simultaneously long unstable and long stable man-

ifolds. As a consequence, for C∞ surface diffeomorphisms, we establish an effective

version of the SPR property. For C∞ three-dimensional flows without singularities, we

prove the finiteness of equilibrium measures for admissible potentials whose variation

is strictly less than half of the topological entropy.
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1 Introduction

To study smooth ergodic theory of diffeomorphisms, the “homoclinic relation” has re-

cently played an important role. The homoclinic relation between hyperbolic periodic orbits

were first defined by Newhouse [16]. This notion has been extended to general hyperbolic

ergodic measures; see, for instance, Buzzi-Crovisier-Sarig [6, Section 2.4]. They proved that

homoclinically related hyperbolic ergodic measures can be coded in one transitive count-

able Markov shift and established the local uniqueness of measures of maximal entropy. By

controling the number of homoclinic classes via a dynamical Sard lemma, they confirmed

Newhouse’s conjecture [17] on the finiteness of MMEs for C∞ surface diffeomorphisms.

The sizes of stable and unstable manifolds provide direct information for establishing

homoclinic relations, without using the dynamical Sard lemma. For a given hyperbolic er-

godic measure, the existence of stable and unstable manifolds follows from Pesin’s theory

[1]. However, the sizes of these manifolds depend on the measure, which does not suffice to

establish the statistical properties for certain important hyperbolic ergodic measures. Buzzi-

Crovisier-Sarig [8] proved that for measures that are close (qualitatively) to measures of max-

imal entropy, in the setting of C∞ surface diffeomorphisms with positive topological entropy,

the Pesin blocks can have uniformly large measure1, and then they proved various statistical

properties of measures of maximal entropy. This property is called strongly positive recur-

rence (SPR for short).

In this paper, we establish an effective SPR property for surface diffeomorphisms, along

with several extended theorems. Specifically, we obtain in a quantitative way uniform sizes

of stable and unstable manifolds simultaneously for all ergodic measures with large enough

metric entropy. Let us point out that:

• We do not rely on the continuity of Lyapunov exponents. This allows us to prove the

SPR property for C∞ surface diffeomorphisms without relying on the main results of

the preparatory work [7]. Moreover, we establish the continuity of Lyapunov exponents

as a direct consequence of the SPR property.

• Our arguments give a perturbative version, i.e., for diffeomorphisms that are close the

original one.

• It also applies to three-dimensional vector fields X : M → T M without singularities.

Our proof recovers Zang’s result [21] for measures of maximal entropy, and established

the finiteness of the number of homoclinic classes for ergodic measures whose met-

ric entropy is uniformly larger than htop(X )/2, not just those of measures of maximal

entropy. Moreover, we prove that the number of general ergodic equilibrium states is

finite for admissible potentials φ : M →R satisfying either supx∈M |φ(x)| < htop(X )/4 or

sup{φ(x)−φ(y) : x, y ∈ M } < htop(X )/2.
1This gives uniform lower bounds on the sizes of stable and unstable manifolds, independent of the mea-

sures.
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1.1 Long stable and unstable manifolds

Pesin blocks are sets on which stable and unstable manifolds are uniformly long. How-

ever, beyond Pesin theory, one may also obtain long stable and unstable manifolds at points

which are typical for ergodic measures with large entropy. These observations enable us to

establish homoclinic relations, for instance, Theorem F.

Let M be a compact, boundaryless C∞ Riemannian manifold of any dimension and let

f : M → M be a C r ,r > 1 diffeomorpism. By Oseledec’s theorem and Pesin’s theory, there

is an f -invariant subset M ′
f of full measure for all invariant measures, such that for every

x ∈ M ′
f

Tx M = E s(x, f )⊕E c (x, f )⊕E u(x, f ),

where E s/c/u(x, f ) corresponds to the subspace associated with negative/zero/positive Lya-

punov exponents respectively. When the diffeomorphism f is fixed, we denote these spaces

simply by E s/c/u(x). For each x ∈ M ′
f , the unstable manifold

W u(x) :=W u(x, f ) = {
y ∈ M : limsup

n→∞
1

n
logd( f −n(y), f −n(x)) < 0

}
. (1)

and the stable manifold

W s(x) :=W s(x, f ) = {
y ∈ M : limsup

n→∞
1

n
logd( f n(y), f n(x)) < 0

}
(2)

are C r immersed manifolds. For β > 0, let E u/s(x)(β) := {v ∈ E u/s(x) : ∥v∥ ≤ β}. We consider

the sets of points with unstable/stable manifolds of size β.

Definition 1.1. For β ∈ (0,1), define the set of points with long unstable manifolds of size β

Lu
β( f ) ={x ∈ M ′

f : ∃Wx ⊂W u(x), s.t. exp−1
x Wx is a C r graph of a map ϕ : E u(x) → (E u(x))⊥,

Lip(ϕ) ≤ 1/3, Domain(ϕ) ⊃ E u(x)(β), ∠(TyWx ,E u(x)) ≤ 1

β
·d(x, y)min{1,r−1}, ∀y ∈Wx}.

and define the set of points with long stable manifolds of size β

Ls
β( f ) ={x ∈ M ′

f : ∃Wx ⊂W s(x), s.t. exp−1
x Wx is a C r graph of a map ϕ : E s(x) → (E s(x))⊥,

Lip(ϕ) ≤ 1/3, Domain(ϕ) ⊃ E s(x)(β), ∠(TyWx ,E s(x)) ≤ 1

β
·d(x, y)min{1,r−1}, ∀y ∈Wx}.

Note that the whole manifold M may have arbitrary dimension. When the unstable man-

ifold is one-dimensional, we have the following result:

Theorem A. Let f be a C∞ diffeomorphism with positive topological entropy. Given 1 >α1 >
α2 > 0, there exists β0 > 0 such that for any ergodic measure µ of f with exactly one positive

Lyapunov exponent, if hµ( f ) ≥α1htop( f ), then µ(Lu
β0

( f )) >α2.
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Theorem A provides more detailed informations than the main results in [14]. In [14],

even when the metric entropy of an ergodic measure is close to the topological entropy, one

only knows that µ(Lu
β0

( f )) is bounded away from zero; one does not know whether it can

be close to 1. However, to establish the homoclinic relation, it is preferable that α2 is close

to 1; at the very least, α2 should be greater than 1/2. This fact will be applied to prove the

finiteness of the number of homoclinic classes (the equivalence classes under homoclinic

relation of all hyperbolic ergodic measures, see Section 2.3).

To get the uniform size of stable and unstable manifolds simultanously, by adding some

additional information in Theorem A, one has the following Theorem B.

Theorem B. Assume that f is a C∞ diffeomorphism with positive topological entropy. Then,

for every 1 > α1 > α2 > 1
2 , there exist β0 > 0, C > 0 such that for any ergodic measure µ of f

with exactly one positive Lyapunov exponent and exactly one negative Lyapunov exponent, if

hµ( f ) ≥α1htop( f ), then

µ
(
Lu
β0

( f )∩Ls
β0

( f )∩{
x :∠

(
E u(x),E s(x)

)>C
})> 2α2 −1.

We expect that a similar statement should also hold under the weaker assumptionα2 > 0,

rather than only in the case α2 > 1
2 .

Conjecture. Assume that f is a C∞ surface diffeomorphism with positive topological entropy.

Then, for every 1 >α1 >α2 > 0, there exist β0 > 0, C > 0 such that for any ergodic measure µ of

f , if hµ( f ) ≥α1htop( f ), then

µ
(
Lu
β0

( f )∩Ls
β0

( f )∩{
x :∠

(
E u(x),E s(x)

)>C
})>α2.

The information on unstable manifolds (nonlinear conditions) also yields information

about their derivatives (linear conditions). For 1 >α1 >α2 > 0, define

χ(α1,α2) := htop( f ) · α1 −α2

1−α2
. (3)

Theorem C. Let f be a C∞ diffeomorphism with positive topological entropy. Given 1 >α1 >
α2 > 0, for each 0 < χ0 < χ(α1,α2) there exist β0 > 0, C > 0 and a C∞ neighborhood U of f ,

such that for any g ∈ U , for any ergodic measure µ of g with exactly one positive Lyapunov

exponent, if hµ(g ) ≥α1htop( f ), then

µ
(
Lu
β0

(g )∩{
x : ∥Dg−n |E u (x,g )∥ ≤Ce−χ0n , ∀n > 0

})>α2.

It is clear that Theorem A follows from Theorem C. Whenα2 is close to one and the stable

manifold is also one-dimensional, a stronger result can be obtained; see Theorem D. These

results can be applied to establish SPR properties for surface diffeomorphisms, or three-

dimensional flows. We first introduce the following sets, which we call quasi-hyperbolic sets.

Definition 1.2. For χ> 0 and ℓ> 0, we denote by H
χ

ℓ
( f ) the set of points x ∈ M satisfying the

following conditions:
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• for each n ≥ 0, ∥Dx f −n |E u (x)∥ ≤ ℓe−χn and ∥Dx f n |E s (x)∥ ≤ ℓe−χn ;

• sin∠
(
E s(x),E u(x)

)≥ ℓ−1.

Remark 1.3. In Section 2.1, we recall the definition of a Pesin set. The measure of a Pesin set

is closely related to the measure of the corresponding quasi-hyperbolic set for every hyper-

bolic ergodic measures µ (see [8, Lemma 2.20, Proposition 2.21]),

µ(PESχ,ε
ℓ

( f )) > 1− C ( f ,χ)

ε
(1−µ(H χ

ℓ
( f ))),

where C (χ, f ) = max
{

10
(
χ+ log∥D f ∥sup + log∥D f −1∥sup

)
, 1

}
.

Theorem D. Assume that f is a C∞ diffeomorphism with positive topological entropy. Then,

for every 1 > α1 > α2 > 1
2 and every 0 < χ0 < χ(α1,α2), there are β0 > 0, C > 0 and a C∞

neighborhood U of f such that

• for any g ∈U , for any ergodic measure µ of g with exactly one positive Lyapunov expo-

nent and exactly one negative Lyapunov exponent, if hµ(g ) ≥α1htop( f ), then

µ
(
Lu
β0

(g )∩Ls
β0

(g )∩H
χ0
C (g )

)> 2α2 −1.

Clearly, Theorem B is a direct consequence of Theorem D. Therefore, to complete the

proofs of all the results in this subsection, it suffices to prove Theorems C and D.

1.2 Surface diffeomorphisms

The main theorems above can be applied to the surface case. Theorem E gives a quan-

titative and perturbative version of strongly positively recurrent property for surface diffeo-

morphisms. The notation PESχ,ε
ℓ

will be introduced in Section 2.1.

Theorem E. Let f : M → M be a C∞ surface diffeomorpism with positive topological entropy.

Then, there exist constants χ > 0,Cχ > 0, such that for every ε > 0 and every 0 < τ < 1
4 , there

exist a constant ℓ> 0 and a C∞ neighborhood U of f satisfying

µ(PESχ,ε
ℓ

(g )) > 1− Cχ

ε
·τ

for every g ∈U and for every ergodic measure µ of g with hµ(g ) > (1−τ)htop( f ).

We recall below the definition of the SPR property introduced by Buzzi-Crovisier-Sarig

[8].

Definition 1.4. A diffeomorphism f is said to be strongly positively recurrent (SPR), if there

exists χ> 0, such that for each ε> 0

lim
h→htop( f )

lim
ℓ→∞

inf
{
µ(PESχ,ε

ℓ
( f )) : µ is ergodic and hµ( f ) > h

}= 1.
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In fact, the SPR property defined in [8, Definition 1.3] does not require the limit to ap-

proach 1; it only requires the liminf to be positive.

Remark 1.5 (Direct consequence of Definition 1.4). Let f be a C 1+ surface diffeomorphism

that satisfies Definition 1.4. Then, for every sequence of ergodic measures {µn}n>0 of f with

µn →µ and hµn ( f ) → htop( f ), we have

λ+(µn) →λ+(µ) (see also Remark 4.2) and hµ( f ) = htop( f ) (by [15, Corollary C]).

As a direct corollary of Theorem E, we prove that for every C∞ surface diffeomorphism f

with htop( f ) > 0, there exist χ> 0 and Cχ > 0 such that for every ε> 0 and every 0 < τ< 1
4

lim
ℓ→∞

inf
{
µ(PESχ,ε

ℓ
( f )) : µ is ergodic and hµ( f ) > (1−τ)htop( f )

}≥ 1− Cχ

ε
·τ.

In particular, letting τ→ 0, we get that every C∞ surface diffeomorphism with positive topo-

logical entropy is SPR. This provides another proof of [8, Theorem A], as our proof does not

rely on the continuity of Lyapunov exponents in the preparatory work [7]. The key ingredient

in our proof is a new upper bound for the metric entropy, expressed as a linear combination

involving the topological entropy and the Lyapunov exponents, where the coefficient of the

topological entropy is the measure of a set with good hyperbolicity, see (24). To show this

upper bound we use a variant of Yomdin’s theory [20, 11] introduced in [2].

1.3 Three dimensional vector fields

The suspension of a d-dimensional diffeomorphism yields a (d + 1)-dimensional flow.

However, flows may not admit a global cross section, so understanding their dynamics re-

quires additional methods beyond those for diffeomorphisms.

Ergodic theory of surface diffeomorphisms has been extensively studied by Sarig [19]

and Buzzi-Crovisier-Sarig [6], [8]. There are some progresses for 3-D flows, Gan-Yang [9],

Lima-Sarig [13], Buzzi-Crovisier-Lima [5] and Zang [21]. However, in contrast to surface

diffeomorphisms, the corresponding theory for three-dimensional flows is not yet well es-

tablished. The main theorems presented above provide new progress in this direction. For

a flow (ϕt )t∈R generated by a vector field X : M → T M over a three-dimensional compact

Riemannian manifold M without boundary, one can also define the homoclinic equivalent

class HEC(ν) of an hyperbolic measure ν (see Section 2.3) and Pesin uniform sets (see Sec-

tion 2.1). We first prove the finiteness of homoclinic equivalent classes with large entropy in

the following setting.

Theorem F. Suppose that M is a three-dimensional compact Remiannian manifold without

boundary. Let X : M → T M be a C∞ vector field without singularities and let (ϕt )t∈R be the

flow generated by X . Then, for any τ> 0 we have

#
{

HEC(ν) : ν is an ergodic measure with hν(X ) >
(

1

2
+τ

)
htop(X )

}
<∞.
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Recall that, for every ergodic hyperbolic measureµ of (ϕt )t∈R, there is at most one ergodic

hyperbolic measure ν which is homoclinically related to µ that maximizes the entropy, or,

more generally, maximizes the topological pressure PX (·) for admissible potentials such as

Hölder continuous functions or geometric potentials [5, Corollary 1.2]. Thus, we can directly

obtain the following corollary, since the role of (4) is to guarantee that every equilibrium

measure has entropy uniformly larger than htop(X )/2.

Corollary G. Suppose that M is a three-dimensional compact Remiannian manifold without

boundary. Let X : M → T M be a C∞ vector field without singularities, (ϕt )t∈R be the flow

generated by X , and let φ be an admissible potential. Assume also that

sup
{
φ(x)−φ(y) : x ∈ M , y ∈ M

}< htop(X )

2
. (4)

Then, φ has at most finitely many ergodic equilibrium measures.

Note that measures of maximal entropy are the equilibrium measures for the potential

φ≡ 0. Thus, Corollary G implies the main result of Zang [21].The final theorem provides an

estimate for the measure of Pesin set for three-dimensional vector fields without singulari-

ties, thereby establishing an effective SPR property for such vector fields.

Theorem H. Let X : M → T M be a C∞ three-dimensional vector field without singularities

and let (ϕt )t∈R be the flow generated by X . Then, there exists a constant χ> 0 and a constant

Cχ > 0, such that for every ε > 0 and every 0 < τ < 1
4 , there exists ℓ > 0 such that for every

ergodic measure µ with hµ(X ) > (1−τ)htop(X ), one has

µ(PESχ,ε
ℓ

(X )) > 1− Cχ

ε
·τ.

2 Preliminaries

2.1 Pesin sets

We first recall the definition of Pesin sets2. Let M be a compact C∞ Riemannian manifold

of any dimension, and let f : M → M be a C 1 diffeomorphism.

Definition 2.1. For χ> 0, we denote by NUPχ( f ) the set of points x ∈ M with the following:

• for every y ∈ { f k (x) : k ∈Z},

Ty M = E s(y)⊕E c (y)⊕E u(y), D y f Eτ(y) = Eτ( f (y)), τ= s,c,u ;

• for every v ∈ E s(x) \ {0}, lim
n→±∞

1
n log∥Dx f (v)∥ <−χ;

2In general, the definition of Pesin sets is usually given in the non-uniformly hyperbolic setting, where E c =
{0}. However, to make it easier to study flows, we keep the central direction. In subsequent applications, E c

primarily corresponds to the flow direction.
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• for every v ∈ E c (x) \ {0}, lim
n→±∞

1
n log∥Dx f (v)∥ = 0;

• for every v ∈ E u(x) \ {0}, lim
n→±∞

1
n log∥Dx f (v)∥ >χ;

• for every τ1,τ2 ∈ {u,c, s} with τ1 ̸= τ2, lim
n→±∞

1
n log∠

(
Eτ1 ( f n(x)),Eτ2 ( f n(x))

)= 0.

For every ergodic measure µ of f , if the non-zero Lyapunov exponents of µ lie outside the

interval [−χ,χ], then we have µ(NUPχ( f )) = 1. We denote by m(A) := min{∥Av∥ : ∥v∥ = 1} the

co-norm of the linear operator A.

Definition 2.2. For χ > 0, ℓ ≥ 1 and 0 < ε ≪ χ, we denote by PESCχ,ε
ℓ

( f ) the set of points

x ∈ NUPχ such that for every k ∈Z

• ∥D f k (x) f −n |E u ( f k (x))∥ ≤ ℓe |k|εe−(χ−ε)n , ∥D f k (x) f n |E s ( f k (x))∥ ≤ ℓe |k|εe−(χ−ε)n , ∀n > 0;

• ℓ−1e−|k|εe−|n|ε ≤ m(D f k (x) f n |E c ( f k (x))) ≤ ∥D f k (x) f n |E c ( f k (x))∥ ≤ ℓe |k|εe |n|ε, ∀n ∈Z;

• sin∠(Eτ1 ( f k (x)),Eτ2 ( f k (x))) ≥ ℓ−1e−kε, τ1,τ2 ∈ {u,c, s}, τ1 ̸= τ2.

And we denote PESχ,ε
ℓ

( f ) := {
x ∈ PESCχ,ε

ℓ
( f ) : E c (x) = {0}

}
.

By classical Pesin’s non-uniformly hyperbolic theory, for every ergodic hyperbolic mea-

sure µ of f with µ(NUPχ( f )) = 1 and every 0 < ε≪χ, one has µ
(⋃

ℓ>0 PESCχ,ε
ℓ

( f )
)= 1.

Recall Definition 1.2 of the quasi-hyperbolic set. In the non-uniformly hyperbolic set-

ting, the measure of a Pesin set is closely related to the measure of the corresponding quasi-

hyperbolic set. Buzzi-Crovisier-Sarig showed the following result in [8, Proposition 2.21].

Lemma 2.3. Let µ be an ergodic hyperbolic measure of f . Then, for each χ> 0, ℓ> 1 and for

any ε> 0, one has

µ(PESχ,ε
ℓ

( f )) > 1− C (χ, f )

ε

(
1−µ(H χ

ℓ
( f ))

)
,

where C (χ, f ) = max
{

10
(
χ+ log∥D f ∥sup + log∥D f −1∥sup

)
, 1

}
.

Pesin sets can also be defined in the setting of vector fields. Assume that X : M → T M is

a C 1 vector field without singularities and (ϕt )t∈R is the flow generated by X . Note that the

Lyapunov exponent in the flow direction is zero. For 0 < ε≪χ and ℓ≥ 1, we denote

NUPχ(X ) = NUPχ(ϕ1), PESχ,ε
ℓ

(X ) := PESCχ,ε
ℓ

(ϕ1).

Definition 2.4. We define the set H
χ,ε
ℓ

(X ) of points x ∈ M satisfying the following conditions:

• for each n ≥ 0, ∥Dxϕ
−n |E u (x)∥ ≤ ℓe−χn and ∥Dxϕ

n |E s (x)∥ ≤ ℓe−χn ;

• for each n ∈Z, ℓ−1e−|n|ε ≤ m(Dxϕ
n |E c (x)) ≤ ∥Dxϕ

n |E c (x)∥ ≤ ℓe |n|ε;

• ∥X (x)∥ ≥ ℓ−1 and sin∠
(
Eτ1 (x),Eτ2 (x)

)≥ ℓ−1, τ1,τ2 ∈ {u,c, s}, τ1 ̸= τ2.
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Lemma 2.5. Let µ be an ergodic hyperbolic measure of (ϕt )t∈R which generated by a C 1 vector

field X . Then, for each χ> 0, ℓ> 1 and for any ε> 0, one has

µ(PESχ,ε
ℓ

(X )) > 1− C (χ, X )

ε

(
1−µ(H χ,ε

ℓ
(X ))

)
,

where C (χ, X ) = max
{

20
(
χ+ log∥Dϕ1∥sup + log∥Dϕ−1∥sup

)
, 1

}
.

The difference between Lemma 2.5 and [8, Proposition 2.21] is the additional consider-

ation of the center direction and the angle between subspaces. The estimate for the center

direction can be obtained by using a similarly argument as in [8, Proposition 2.21]. The esti-

mate on the angle between subspaces follows from the fact that

lim
n→±∞

1

n
log∠

(
Eτ1 ( f n(x)),Eτ2 ( f n(x))

)= 0, τ1,τ2 ∈ {u,c, s}, τ1 ̸= τ2.

We omit the proofs of of Lemma 2.3 and Lemma 2.5, which can be found in [8, Proposition

2.21] and [21, Section 4.2], respectively.

2.2 Metric entropy and topological entropy

Let f be a diffeomorphism on a compact Riemannian manifold M . Denote by d the

Riemannian distance on M . For x ∈ M , n ∈ N and ε > 0, define the (n,ε, f )-Bowen ball at x

by

Bn(x,ε, f ) := {y ∈ M : d( f i (y), f i (x)) < ε, ∀0 ≤ i < n}.

We sometimes use the simplified notations Bn(x,ε) = Bn(x,ε, f ) when there is no confusion.

A subset Y ⊂ M is said an (n,ε)-spanning set, if M = ⋃
z∈Y Bn(z,ε). We denote by r ( f ,n,ε)

the minimal cardinality of all possible (n,ε)-spanning sets. The topological entropy is thus

defined to be

htop( f ) := lim
ε→0

limsup
n→∞

1

n
logr ( f ,n,ε).

For a probability measure µ (not necessarily invariant) and a finite partition P , define the

static entropy of µ:

Hµ(P ) = ∑
P∈P

−µ(P ) logµ(P ) =
∫

− logµ(P (x))dµ(x).

For the diffeomorphism f , one defines P n :=P n, f =∨n−1
j=0 f − j (P ). For an invariant measure

µ, the metric entropy of µ with respect to a partition P is

hµ( f ,P ) = lim
n→∞

1

n
Hµ(P n);

and the metric entropy of µ is defined to be

hµ( f ) = sup
{
hµ( f ,P ) : P is a finite partition

}
.

We introduce the following proposition, which follows from [14, Proposition 2.1, Proposition

2.2] or Lemma 2 in [4]. Let ξ be a measurable partition subordinate to W u with respect to f

(we refer to [12] for the definition and the standard properties of subordinate partitions).
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Proposition 2.6. Let f : M → M be a C r ,r > 1 surface diffeomorphism and µ be an ergodic

measure. Then, there exists K ⊂ M with µ(K ) > 0, such that for every x ∈ K , every measurable

set Σ⊂W u
loc(x) with µξ(x)(Σ∩K ) > 0, one has

hµ( f ) ≤ liminf
Diam(P )→0

liminf
n→∞

1

n
log#

{
P ∈P n : P ∩K ∩Σ∩ξ(x) ̸= ;}

. (5)

Assume that X : M → T M is a C 1 vector field and (ϕt )t∈R is the flow generated by X . For

an invariant measure µ of the flow (ϕt )t∈R, we define the metric entropy of µ of X by hµ(X ) =
hµ(ϕ1). Let µ be an ergodic measure µ of the (ϕt )t∈R. Note that µ may not be an ergodic

measure of ϕ1. But every ergodic component ν of µ with respect to ϕ1 satisfies hν(ϕ1) =
hµ(X ).

2.3 Homoclinic equivalent classes of ergodic hyperbolic measures

2.3.1 Surface diffeomorphisms

We first recall the definition of the homoclinic relation for ergodic hyperbolic measures

of surface diffeomorphisms (see [6]). Let f be a C r ,r > 1 surface diffeomorphism. For two

ergodic hyperbolic measures µ1 and µ2, we say that µ1 is homoclinicaly related with µ2, if

there exist measurable sets Λ1,Λ2 with µ1(Λ1) > 0 and µ2(Λ2) > 03 such that for every x ∈Λ1

and every y ∈Λ2, there exist n1,n2,k1,k2 ∈Z for which

W u( f n1 (x))⋔W s( f n2 (y)) ̸= ;, W s( f k1 (x))⋔W u( f k2 (y)) ̸= ;.

Let µ be a hyperbolic ergodic measure, the homoclinic equivalent classes of µ is defined by

HEC(µ) := {
ν : ν is an ergodic hyperbolic measure that is homoclinically related with µ

}
.

Here the homoclinic equivalence classes form a subset of all ergodic hyperbolic measures.

Recently, Buzzi-Crovisier-Sarig [6] proved for any a > 0 the finiteness of the number of ho-

moclinic classes for ergodic measures of a C∞ surface diffeomorphism with entropy larger

than a:

Theorem 2.7. Let f be a C r ,r > 1 surface diffeomorphism, then for any a > 0

#

{
HEC(µ) : µ is a hyperbolic ergodic measure with hµ( f ) > λmin( f )

r
+a

}
<∞.

In particular, if f is a C∞ surface diffeomorphism, then we have

#
{
HEC(µ) : µ is a hyperbolic ergodic measure with hµ( f ) > a

}<∞.

Recall the Definition 1.1 of long unstable manifolds. Long stable and unstable manifolds

make it easier to build homoclinic relations. The following proposition follows directly from

the definition of homoclinic classes and the compactness of the whole manifold. Since its

proof is analogous to that of Proposition 2.9, we omit the details.

3By ergodicity we can require equivalently that µ1(Λ1) = 1 and µ2(Λ2) = 1.

10



Proposition 2.8. Let f be a C 2 surface diffeomorphism. For every β> 0 and ℓ> 0, we have

#
{

HEC(µ) :µ
(
Ls
β( f )∩Lu

β( f )∩ {x : sin∠(E s(x),E u(x)) ≥ ℓ−1}
)> 0

}
< AM ·β−2ℓ−6,

for some constant AM depending only on M.

2.3.2 Three-dimensional vector fields

Suppose that M is a three-dimensional compact Remiannian manifold without bound-

ary. Let X : M → T M be a C r ,r > 1 vector field without singularities and (ϕt )t∈R be the flow

generated by X . One can define a notion of homoclinic relation between ergodic hyperbolic

measures (see also [5]). For every regular point x ∈ M , we define the weak-stable and weak-

unstable manifold at x by

W s(Orb(x)) = ⋃
t∈R

W s(ϕt (x)), W u(Orb(x)) = ⋃
t∈R

W u(ϕt (x))

where W u/s(x) := W u/s(x,ϕ1) are as defined in (1) and (2), and are one-dimensional im-

mersed sub-manifolds, respectively. Then, for two ergodic hyperbolic measures µ1 and µ2

of the flow (ϕt )t∈R, we say that µ1 is homoclinically related with µ2, if there exist measurable

setsΛ1,Λ2 with µ1(Λ1) > 0 and µ2(Λ2) > 0 such that

W u(Orb(x))⋔W s(Orb(y)) ̸= ;, W u(Orb(y))⋔W s(Orb(x)) ̸= ;, ∀x ∈Λ1, ∀y ∈Λ2.

Let µ be an ergodic hyperbolic measure of the flow (ϕt )t∈R. By [5, Proposition 10.1], the ho-

moclinic relation is an equivalence relation among ergodic hyperbolic measures of (ϕt )t∈R.

The homoclinic equivalent classes of µ is then defined as

HEC(µ) := {
ν : ν is an ergodic hyperbolic measure that is homoclinically related with µ

}
.

For x, y ∈ M with d(x, y) less than the radius of injectivity r (M) of M and for subspaces

E ⊂ Tx M and F ⊂ Ty M , we let ∠(E ,F ) := min{∠(E ,D y (exp−1
x )(F )),∠(F,Dx(exp−1

y )(E))}. We

also define the Lipschitz constant of X as the least positive real number L > 0 satisfying

∥dy (exp−1
x )X (y)−X (x)∥,∥dx(exp−1

y )X (x)−X (y)∥ ≤ Ld(x, y) for any x, y with d(x, y) < r (M).

Proposition 2.9. Let X : M → T M be a C r ,r > 1 vector field without singularities and (ϕt )t∈R
be the flow generated by X . For every β> 0 and ℓ> 0, we have

#
{

HEC(µ) :µ
(
Ls
β(ϕ1)∩Lu

β(ϕ1)∩{
x :∠(Eτ1 (x),Eτ2 (x)) > ℓ−1, τ1 ̸= τ2 ∈ {u,c, s}

})> 0
}

< AM

(
max

{
Lip(X )

minz ∥X (z)∥∧1
,β−1

})3

ℓ−9.

for some AM depending only on M, where a ∧b := min{a,b}.
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Proof. Fix β > 0 and ℓ > 0. Let E c (x) = Span(X (x)) be the flow direction at x. For every

x, y ∈ M with d(x, y) < β0(ℓ) := min
{
r (M), 0.001(ℓLip(X ))−1(minz ∥X (z)∥∧1)

}
, we have in a

local chart

∥X (x)−X (y)∥ ≤ 0.001ℓ−1∥X (x)∥ (6)

Recall the Definition 1.1 of the set Lu/s
β

(ϕ1). For each x ∈ Lu
β

(ϕ1)∩Ls
β

(ϕ1), there exist curves

σu : [−1,1] → M and σs : [−1,1] → M such that for each κ ∈ {u, s}, we have σκ(0) = x and

the minimum of the lengths Length(σκ[0,1]) and Length(σκ[−1,0]) is larger than 0.001βℓ−1.

Moreover

∀s ∈ [−1,1], ∥σ′
κ(s)−σ′

κ(0)∥ ≤ 0.001ℓ−1∥σ′
κ(0)∥. (7)

We let

β(ℓ) := min{β0(ℓ), 0,0005βℓ−1}

and

L(β,ℓ) := Ls
β(ϕ1)∩Lu

β(ϕ1)∩{
x :∠(Eτ

1 (x),Eτ
2 (x)) > ℓ−1, τ1 ̸= τ2 ∈ {u,c, s}

}
.

Claim. For every x ∈ L(β,ℓ), the following properties hold:

(1) there exists a C 1 map φx
cu : {v = vu + vc : vτ ∈ Eτ(x), ∥vτ∥ ≤ β(ℓ), τ= u,c} → E s(x) such

that φx
cu(0) = 0, Lip(φx

cu) ≤ 0.01 and expx

(
graph(φx

cu)
)⊂W u(Orb(x));

(2) there exists a C 1 map φx
cs : {v = vs + vc : vτ ∈ Eτ(x), ∥vτ∥ ≤ β(ℓ), τ = s,c} → E u(x) such

that φx
cs(0) = 0, Lip(φx

cs) ≤ 0.01 and expx

(
graph(φx

cs)
)⊂W s(Orb(x)).

Proof of the claim. We consider item (1), item (2) being similar. Let

Φ : [−2β(ℓ)/min
z

∥X (z)∥,2β(ℓ)/min
z

∥X (z)∥]× [−1,1] → M

be defined as

∀t , s, Φ(t , s) =ϕt (σu(s)).

By the first variation equation of the flow we have

∂Dxϕ
t

∂t
(v) = (Dϕt (x)X )(Dxϕ

t (v)).

Grönwall lemma leads to the following estimates in a local chart

∥∂2Φ(t , s)−σ′
u(s)∥ = ∥Dσu (s)ϕ

t (σ′
u(s))−σ′

u(s)∥,

≤ (eLip(X )t −1)∥σ′
u(s)∥,

∥∂1Φ(t , s)−X (σu(s))∥ = ∥X (Φ(t , s))−X (σu(s))∥,

≤ (eLip(X )t −1)∥Xσu (s)∥.

We get by using (7) and (6) that

∥∂2Φ(t , s)−σ′
u(0)∥ ≤ 2tLip(X )∥σ′

u(0)∥+ (1+2tLip(X ))0.001ℓ−1∥σ′
u(0)∥,

≤ 0.01ℓ−1∥σ′
u(0)∥,

∥∂1Φ(t , s)−X (x)∥ ≤ 2tLip(X )∥X (x)∥+ (1+2tLip(X ))0.001ℓ−1∥X (x)∥,

≤ 0.01ℓ−1∥X (x)∥.
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In particular we have ∠(∂2Φ(t , s),σ′
u(0)) ≤ 0.01ℓ−1 and ∠(∂1Φ(t , s), X (x)) ≤ 0.01ℓ−1. As x be-

longs to L(β,ℓ), we have ∠(σ′
u(0), X (x)) =∠(E u(x),E c (x)) > ℓ−1 so that ∠(TxIm(Φ),E) ≤ 0.01

with E := span(X (x),σ′
u(0)).

Let π : Rd → E be the orthogonal projection. Then π ◦Φ is a diffeomorphism onto its

image π(E) ⊃ {v = vu + vc : vτ ∈ Eτ(x), ∥vτ∥ ≤ β(ℓ), τ = u,c} and the image of Φ is a graph

over this set of a 0.01-Lipschitz map.

Claim. For every x, y ∈ L(β,ℓ) with d(x, y) < 0.1ℓ−1β(ℓ) and ∠(Eτ(x),Eτ(y)) < 0.1ℓ−1, τ ∈
{u,c, s}, we have W u(Orb(x))⋔W s(Orb(y)) ̸= ;, W u(Orb(y))⋔W s(Orb(x)) ̸= ;.

Proof of the claim. For every x, y ∈ L(β,ℓ) as in the claim, there exist a map

φ
y→x
cs : {v = vs + vc : vτ ∈ Eτ(x), ∥vτ∥ ≤ 0.9β(ℓ), τ= s,c} → E u(x)

such that Lip(φy→x
cs ) ≤ 0.02, y = expx(v y

s +v y
c +φy→x

cs (v y
s +v y

c )) for some (v y
s , v y

c ) ∈ Es(x)×Ec (x)

with ∥v y
s ∥,∥v y

c ∥,∥φy→x
cs (v y

s + v y
c ))∥ ≤ 0.1β(ℓ) and expx

(
graph(φy→x

cs )
)⊂ expy

(
graph(φy

cs)
)
.

We show that graph(φy→x
cs )⋔ graph(φx

cu) ̸= ;, which implies W s(Orb(y))⋔W u(Orb(x)) ̸=
;. The other case can be proved similarly. We consider the mapΨ :=Ψv

y
c

: E u(x)(0.9β(ℓ)) →
E u(x), Ψ(vu) := φ

y→x
cs (v y

c +φx
cu(v y

c + vu)). One has ∥Ψ(φy→x
cs (v y

s + v y
c )) −φy→x

cs (v y
s + v y

c )∥ ≤
0.02∥φx

cu(v y
c + v y

u) − v y
s ∥ ≤ 0.1β(ℓ), therefore ∥Ψ(φy→x

cs (v y
s + v y

c ))∥ ≤ 0.2β(ℓ). On the other

hand, for each vu ,eu ∈ E u(x)(0.9β(ℓ)) we get ∥Ψ(vu)−Ψ(eu)∥ ≤ Lip(φy→x
cs ) ·Lip(φx

cu) · ∥vu −
eu∥ ≤ 0.01 · ∥vu −eu∥ ≤ 0.1β(ℓ). Consequently, the mapΨ is a contraction on E u(x)(0.9β(ℓ)).

Then, there is a unique point vu
c ∈ E u(x)(0.9β(ℓ)) such that Ψ(vu

c ) = vu
c . Then expx(v y

c +
φx

cu(v y
c +vu

c )+φy→x
cs (v y

c +φx
cu(v y

c +vu))) ∈ expx

(
graph(φy→x

cs )
)⊂W s(Orb(y)), but also expx(v y

c +
φx

cu(v y
c +vu

c )+φy→x
cs (v y

c +φx
cu(v y

c +vu
c ))) = expx(v y

c +φx
cu(v y

c +vu
c )+vu

c ) ∈ expx(graph(φx
cu)) ⊂

W u(Orb(x)). The intersection of graph(φy→x
cs ) and graph(φx

cu) being clearly transverse, we

conclude W s(Orb(y))⋔W u(Orb(x)) ̸= ;.

We finish now the proof of the proposition. Let T M be the fiber bundle over M given

by triples (x,E ,F,G) with E ,F,G being one-dimensional subspaces of Tx M , x ∈ M . Let δ as

in the above claim. By compactness of T M , there is a finite subfamily F of T M , such that

for any (x,E ,F,G) ∈T M there is (y, H , I , J ) ∈F satisfying ∠(E , H), ∠(F, I ), ∠(G , J ) < 0.05ℓ−1,

d(x, y) < 0.05ℓ−1β(ℓ). We can choose F with ♯F ≤ CM (ℓ−1β(ℓ))3ℓ−3 with some constant

CM depending only on M . For any ergodic hyperbolic measure µ with µ(L(β,ℓ)) > 0 there

is Λµ ⊂ L(β,ℓ) with µ(Λµ) > 0 and (xµ,Eµ,Fµ,Gµ) ∈ F such that for any y ∈ Λµ we have

∠(Eµ,E s(y)), ∠(Fµ,E u(y)), ∠(Gµ,E c (y)) < 0.05ℓ−1, d(xµ, y) < 0.05ℓ−1β(ℓ). Let µ1, · · · ,µ♯F+1

be ergodic hyperbolic measures with µi (L(β,ℓ)) > 0 for any i = 1, · · · ,♯F +1. There are i ̸= j

with (xµi ,Eµi ,Fµi ,Gµi ) = (xµ j ,Eµ j ,Fµ j ,Gµ j ). In particular, for any yi , y j ∈Λµi ×Λµ j , we have

∠(Eτ(yi ),Eτ(y j )) < 0.1ℓ−1, τ ∈ {u,c, s} and d(yi , y j ) < 0.1ℓ−1β(ℓ). By the above claim we get

W u(Orb(yi )) ⋔ W s(Orb(y j )) ̸= ;, W u(Orb(yi )) ⋔ W s(Orb(y j )) ̸= ;. Thus µi and µ j are ho-

moclinicaly related and ♯{HEC(µ), µ(L(β,ℓ)) > 0} ≤ ♯F .
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2.4 Raparametrization Lemmas

Let M be a compact Riemannian manifold without boundary of any dimension. Recall

that a C r curve σ : [−1,1] → M is called bounded if

sup
2≤s≤r

∥D sσ∥sup ≤ 1

6
∥Dσ∥sup.

Ifσ is a bounded curve, then ∥Dσ∥sup ≤ 2∥D tσ∥ and sin∠(Dsσ,D tσ) < 1
2 for any t , s ∈ [−1,1].

A bounded curve is said to be strongly ε-bounded, if ∥Dσ∥sup ≤ ε. A map θ : [−1,1] → [−1,1]

is called a affine reparametrization if θ′ is constant and positive. Denote σ∗ :=σ([−1,1]).

Lemma 2.10. For every ε> 0, there exists βε > 0 such that for every bounded but not strongly

ε-bounded curve σ : [−1,1] → M, there exists −1 < t1 < 0 < t2 < 1 for which

• for every t ∈ [t1, t2], there exists a C r map φt : {v ∈ Tσ(t )σ∗ : ∥v∥ ≤ βε} → (Tσ(t )σ∗)⊥ with

φt (0) = 0, Lip(φt ) ≤ 1
3 , and the graph W := expσ(t ) Graph(φt ) satisfies W ⊂ σ([−1,1])

and ∠
(
TyW,Tσ(t )W

)≤ d(σ(t ), y)/βε,∀y ∈W ;

• let θ−1
σ : [−1,1] → [−1, t1] and θ1

σ : [−1,1] → [t2,1] be two affine raparametrizations, then

σ◦θ−1
σ and σ◦θ1

σ are strongly ε-bounded.

Proof. Let t1 = ε
∥Dσ∥sup

−1 and t2 = 1− ε
∥Dσ∥sup

. Sinceσ is bounded but not ε-strongly bounded,

we have −1 < t1 < 0 < t2 < 1. The second item follows immediately from the choice of t1 and

t2.

We now prove the first term. By the definition of the bounded curve (see also [3, Section

4]), for each t ∈ [t1, t2] we have

∠(Tσ(t )σ∗,Tσ(s)σ∗) ≤ 1

4
|t − s| ≤ 1

2ε
d(σ(t ),σ(s)), ∀s ∈ [−1,1].

Hence, one can choose β ≈ ε/2, and the curve σ∗ contains the graph of φt , which satisfies

the conclusion of the first item.

We have the following local reparametrization from [4].

Lemma 2.11 ([4], Lemma 12). For r ≥ 2, there is a constant Cr > 0 with the following property.

Given Υ > 0, there is ε := ε(Υ) > 0 such that if g is a C r diffeomorphism with ∥Dg∥C r−1 < Υ,

then for any strongly ε-bounded C r curve σ : [−1,1] → M and any χ+,χ ∈ Z, there is a family

of affine reparametrizationsΘ such that

(1) {t ∈ [−1,1] : x =σ(t ),⌈log∥Dg (x)∥⌉ =χ+, ⌈log∥Dg |Txσ∗∥⌉ =χ} ⊂⋃
θ∈Θθ([−1,1]);

(2) g ◦σ◦θ is bounded for any θ ∈Θ;

(3) |θ′| ≤ 1
2 exp(χ−χ

+−1
r−1 ) for any θ ∈Θ and #Θ≤Cr exp(χ

+−χ
r−1 ).
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Let σ : [−1,1] → M be a bounded curve. Let g : M → M be a C r diffeomorphism, we

define the set

Σ({χ+k ,χk }n
k=1) ⊂σ∗

as follows: z ∈Σ({χ+k ,χk }n
k=1) if and only if for every 1 ≤ k ≤ n

⌈log∥Dg k−1(z)g∥⌉ =χ+k , ⌈log∥Dg k−1(z)g |Tg k−1(z)(g k−1◦σ)∗∥⌉ =χk .

Meanwhile, for any z ∈σ∗, one defines

χ+k (z) := ⌈log∥Dg k−1(z)g∥⌉, χk (z) := ⌈log∥Dg k−1(z)g |Tg k−1(z)(g k−1◦σ∗)∥⌉.

Lemma 2.12. For every ε> 0 and δ> 0, if σ is a C r strongly ε-bounded curve and {θ1, · · · ,θn}

be a family of affine reparametrizations such that

(1) g i ◦σ◦θ1 ◦ · · · ◦θi is strongly ε-bounded for every i = 1, · · · ,n −1;

(2) g n ◦σ◦θ1 ◦ · · · ◦θn is bounded, but not strongly ε-bounded;

(3) (σ◦θ1 ◦ · · · ◦θn)∗∩Σ({χ+k ,χk }n
k=1) ̸= ;;

(4) |θ′j | ≤ 2−1e−δexp(
χ j−χ+j −1

r−1 ) for all 1 ≤ j ≤ n.

Then, for every x ∈ (σ◦θ1 ◦ · · · ◦θn)∗∩Σ({χ+k ,χk }n
k=1), we have

log∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥ > kδ, ∀1 ≤ k ≤ n.

Proof. Since g n ◦σ◦θ1 ◦ · · · ◦θn is not strongly ε-bounded, we must have

∥D(g n ◦σ◦θ1 ◦ · · · ◦θn)∥sup > ε.

For every x ∈ (σ◦ · · · ◦θn)∗∩Σ({χ+k ,χk }n
k=1) and every 1 ≤ k ≤ n, we have

ε< ∥D(g k ◦ g n−k ◦θ1 ◦ · · · ◦θn−k ◦ · · · ◦θn)∥sup

≤ 2∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥ ·∥Dg n−k ◦θ1 ◦ · · · ◦θn−k∥sup ·
n∏

j=n−k+1
|θ′j |

≤ 2ε∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥ ·2−k ·e−kδexp
(∑n

j=n−k+1(χ j −χ+j −1)

r −1

)
.

Note that

n∑
j=n−k+1

(χ j −χ+j −1) ≤ log∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥−
n−1∑

j=n−k
log∥Dg j (x)g∥.

Hence, we have

2k−1 ·ekδ < ∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥
r

r−1 ·
n−1∏

j=n−k
∥Dg j (x)g∥ −1

r−1 .
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Therefore, for every n ≥ k ≥ 1 we have

log∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥

= r

r −1

(
log∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥−

1

r

n−1∑
j=n−k

log∥Dg j (x)g |T
g j (x)

(g j ◦σ)∗∥
)

≥ r

r −1

(
log∥Dg n−k (x)g k |Tg n−k (x)(g n−k◦σ)∗∥−

1

r

n−1∑
j=n−k

log∥Dg j (x)g∥
)

> kδ+ (k −1)log2 > kδ.

This completes the proof of this lemma.

3 Entropy and the measure of Pesin sets

In this section, we provide the proofs of Theorems C, D and E. We begin with a key propo-

sition that serves as the main ingredient in the proofs of these theorems. We first introduce

some notations.

Assume that f : M → M is a C r , r > 1 diffeomorphism. Given 1 >α1 >α2 > 0 and 0 <χ0 <
χ<χ(α1,α2). Recall the choice of χ(α1,α2) in (3), we have

α1htop( f )−χ
htop( f )−χ > α1htop( f )−χ(α1,α2)

htop( f )−χ(α1,α2)
=α2.

Therefore, we can choose a small number α> 0 such that

α1htop( f )−χ−2α

htop( f )−χ+α >α2. (8)

Choose a large integer q ∈N such that (recall the number Cr > 1 in Lemma 2.11)

2

q
log(5qCr A f )+ 1

q(r −1)
<α, where A f := 2log(1+∥D f ∥sup +∥D f −1∥sup). (9)

Choose a constantΥ :=Υq > 0 and a C r neighborhood U1 of f such that for any g ∈U1, one

has

max
1≤ j≤r

{∥D j g k∥sup, ∥D j g−k∥sup} <Υ, ∀1 ≤ k ≤ q ; 4Ag ≤ 5A f , ∥Dg±∥sup ≤ 2∥D f ±∥sup. (10)

Choose ε(Υ) > 0 as in Lemma 2.11. Take a positive number ε< ε(Υ)/10 and an integer N ∈N,

such that

10 ·ε · ∥D f ∥q
sup < r (M) and ∀n ≥ N , logr

(
f q ,n,

ε

4

)< q ·n
(
htop( f )+ α

2

)
, (11)

where r ( f q ,n, ε4 ) denotes the minimal number of (n, ε4 , f q )-Bowen balls which can cover M ,

and r (M) is a positive constant such that expx maps Tx M(2r (M)) diffeomorphically onto a
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neighborhood of B(x,r (M)) for every x ∈ M . There is a C r neighborhood U ⊂ U1 of f such

that for every g ∈U

10 ·ε · ∥Dg∥q
sup < r (M) and ∀n = N , · · · ,2N , logr

(
g q ,n,

ε

4

)< logr
(

f q ,n,
ε

4

)+nq · α
2

. (12)

Then, for any n ≥ N we get with R = n −N (⌈n/N⌉−1) ∈ [N ,2N ]

logr
(
g q ,n,

ε

2

)≤ (⌈n/N⌉−1)logr
(
g q , N ,

ε

4

)+ logr
(
g q ,R,

ε

4

)
≤ q ·n(htop( f )+α).

(13)

Recall that χ<χ(α1,α2) <α1htop( f ). For g ∈U , we consider the sets

H u
χ (g q ) := {x : ∥Dx g−qn |E u (x)∥ ≤ e−qnχ, ∀n ≥ 0};

H s
χ(g q ) := {x : ∥Dx g qn |E s (x)∥ ≤ e−qnχ, ∀n ≥ 0}.

(14)

(15)

For each ergodic measure ν of g q with hν(g q ) ≥ qα1htop( f ) > qχ, one has (see [4, Lemma 3])

ν(H u
χ (g q )) > 0, ν(H s

χ(g q )) > 0.

Choose β :=βε satisfies the conclusion of Lemma 2.10. Recall the Definition 1.1 of Lu
β

(g ) and

Ls
β

(g ). We denote

Λ
u,χ
N ,β(g q ) = {x : ∃0 ≤ i ≤ N s.t. g qi (x) ∈ Lu

β(g )∩H u
χ (g q )};

Λ
s,χ
N ,β(g q ) = {x : ∃0 ≤ i ≤ N s.t. g−qi (x) ∈ Ls

β(g )∩H s
χ(g q )}.

(16)

(17)

We are going to prove that (which will be deduced from (24))

µ(Λu,χ
N ,β(g q ))⪆

hµ(g )−χ
htop( f )−χ .

The main proposition of this section is stated as follows.

Proposition 3.1. Under the above notations, for every g ∈ U and every ergodic measure µ of

g with hµ(g ) ≥α1htop( f ), if µ has exactly one positive Lyapunov exponent, then we have

µ(Λu,χ
N ,β(g q )) ≥

hµ(g )−χ− 1
r−1

( 1
q

∫
log∥Dx g q∥ dµ(x)−λ+(µ, g )

)−α
htop( f )−χ+α ;

if µ has exactly one negative Lyapunov exponent, then we have

µ(Λs,χ
N ,β(g q )) ≥

hµ(g )−χ− 1
r−1

( 1
q

∫
log∥Dx g−q∥ dµ(x)+λ−(µ, g )

)−α
htop( f )−χ+α .
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Remark 3.2. Since χ0 <χ, one can choose C :=C (N ,χ,χ0, q,U ) such that for every g ∈U

H u
χ0,C (g ) := {x : ∥Dx g−n |E u (x)∥ ≤Ce−nχ0 , ∀n ≥ 0} ⊃ {x : ∃0 ≤ i ≤ N s.t. g qi (x) ∈ H u

χ (g q )};

H s
χ0,C (g ) := {x : ∥Dx g n |E s (x)∥ ≤Ce−nχ0 , ∀n ≥ 0} ⊃ {x : ∃0 ≤ i ≤ N s.t. g−qi (x) ∈ H s

χ(g q )}.

(18)

(19)

For each x that lies at the center of a bounded curve of length large than 2β, after at most

qN forward or backward iterations, it will lie at the center of a bounded curve whose length

is approximately large than 2β

∥Dg±∥2qN
sup

. Hence, by Lemma 2.10 there is β0 :=β0(β, N , q,U ) > 0

such that for every g ∈U , one has

Lu
β0

(g ) ⊃ {x : ∃0 ≤ i ≤ N s.t. g qi (x) ∈ Lu
β(g )};

Ls
β0

(g ) ⊃ {x : ∃0 ≤ i ≤ N s.t. g−qi (x) ∈ Ls
β(g )}.

(20)

(21)

Therefore, we haveΛu,χ
N ,β(g q ) ⊂ Lu

β0
(g )∩H u

χ0,C (g ) andΛs,χ
N ,β(g q ) ⊂ Ls

β0
(g )∩H s

χ0,C (g ).

We first provide the proof of Theorem C, Theorem D and Theorem E by assuming that

Proposition 3.1 holds, and then give the proof of Proposition 3.1.

3.1 Proof of Theorem C and Theorem D

The proof of Theorem C essentially follows from Proposition 3.1 and the discussion at the

beginning of this Section. Below, we provide the complete proof.

Proof of Theorem C. Assume that f is a C∞ diffeomorphism with positive topological en-

tropy. Fix constants 1 > α1 > α2 > 0 and 0 < χ0 < χ < χ(α1,α2). Let α > 0 be the constant

chosen in (8), we take r > 0 sufficiently large so that

log
(
2 ·max{∥D f ∥sup,∥D f −1∥sup}

)
r −1

≤α. (22)

Then, we choose a large number q ∈ N satisfying (9). Recall the definition of Λu,χ
N ,β(g q ) in

(16). Let U be the C r neighborhood of f as in (12). We also choose β0 > 0,C > 0 satisfying

the conditions in (20) and (18) respectively. Note that for every g ∈U , by (22) one has

1

r −1

(
1

q

∫
log∥Dx g q∥ dµ(x)−λ+(µ, g )

)
≤ log(2∥D f ∥sup)

r −1
≤α.

By Proposition 3.1, for any ergodic measure µ of g with exactly one positive Lyapunov expo-

nent and hµ(g ) ≥α1htop( f ), we have

µ(H u
χ0,C (g )∩Lu

β0
(g )) = µ(Lu

β0
(g )∩ {x : ∥Dg−n |E u (x)∥ ≤Ce−χ0n , ∀n > 0})

≥ µ(Λu,χ
N ,β(g q ))

≥
hµ(g )−χ− 1

r−1

( 1
q

∫
log∥Dg q∥ dµ−λ+(µ, g )

)−α
htop( f )−χ+α

≥ hµ(g )−χ−2α

htop( f )−χ+α
> α2 by (8).

18



This completes the proof of Theorem C.

Next, we prove Theorem D. The main issue here is the angle between subspaces. We first

prove the following lemma.

Lemma 3.3. Let f be a C 1 diffeomorphism. Assume that λ1 >λ2, k > 0 and two D f -invariant

measurable sub-bundles E and F , if x satisfies that

∥Dx f k |E(x)∥ ≤ eλ2 , ∥D f k (x) f −k |F ( f k (x))∥ ≤ e−λ1 ,

then we have

∠(E(x),F (x)) ≥ eλ1 −eλ2

∥D f ∥k
sup

.

Proof. Take vE ∈ E(x) and vF ∈ F (x) be unit vectors such that the angle between vE and vF

realizes the angle between E(x) and F (x). Thus, one has

0 < eλ1 −eλ2 ≤ ∥Dx f k (vF )∥−∥Dx f k (vE )∥ ≤ ∥Dx f k (vF − vE )∥
≤ ∥D f ∥k

sup∥vF − vE∥
= 2∥D f ∥k

sup sin
(1

2
∠

(
E(x),F (x)

))
≤ ∥D f ∥k

sup ·∠(E(x),F (x)).

This completes the proof of the Lemma.

Proof of Theorem D. Assume that f is a C∞ diffeomorphism with positive topological en-

tropy. Fix constants 1 > α1 > α2 > 1
2 and 0 < χ0 < χ < χ(α1,α2). Recall the definition of

Λ
u,χ
N ,β(g q ) in (16); the C r neighborhood U of f in (11); and β0 > 0, C > 0 fulfill the condition

in (18). By Proposition 3.1, we have

µ(Λu,χ
N ,β(g q )) =µ(

{x : ∃0 ≤ i ≤ N s.t. g qi (x) ∈ Lu
β(g )∩H u

χ (g q )}
)>α2

and

µ(Λs,χ
N ,β(g q )) =µ(

{x : ∃0 ≤ i ≤ N s.t. g−qi (x) ∈ Ls
β(g )∩H s

χ(g q )}
)>α2.

Therefore, by the invariance of µ, it follows that

µ
(
g−q(

Λ
u,χ
N ,β(g q )

)∩Λs,χ
N ,β(g q )

)
> 2α2 −1.

We denoteΛ′ = g−q (Λu,χ
N ,β(g q ))∩Λs,χ

N ,β(g q ), then

Λ′ = {x : ∃0 ≤ i , j ≤ N s.t. g−qi (x) ∈ Ls
β(g )∩H s

χ(g q ), g q( j+1)(x) ∈ Lu
β(g )∩H u

χ (g q )}.

For each x ∈Λ′, there exist i ∈ {0, · · · , N } and j ∈ {1, · · · , N +1} such that

∥Dg−qi (x)g q( j+i )|E s (g−qi (x))∥ ≤ e−q( j+i )χ, ∥Dg q j (x)g−q( j+i )|E u (g q j (x))∥ ≤ e−q( j+i )χ.
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By Lemma 3.3, we have

∠
(
E s(g−qi (x)),E u(g−qi (x))

)≥ eq(i+ j )χ−e−q(i+ j )χ

∥Dg q∥i+ j
sup

≥ eqχ−e−qχ

(2∥D f ∥sup)q(2N+1)
> 0.

Therefore, for every x ∈Λ′ we have

sin∠(E u(x),E s(x)) ≥ (∥Dg∥ ·∥Dg−1∥)−qi · sin∠
(
E u(g−qi (x)),E u(g−qi (x))

)
≥ (2∥D f ∥ ·∥D f −1∥)−qN · sin

(
eqχ−e−qχ

(2∥D f ∥sup)q(2N+1)

)
> 0.

Choose β0 > 0, and enlarge C := C (N ,χ,χ0, q,U ) if necessary, so that for every g ∈ U and

every ergodic measure µ of g with hµ(g ) ≥ α1htop( f ), one has (recall the Definition 1.2 for

the set H
χ0
C (g ) )

Λ′ ⊂ Lu
β0

(g )∩Ls
β0

(g )∩H
χ0
C (g ).

Since µ(Λ′) > 2α2 −1, this completes the proof of Theorem D.

3.2 Measure estimates for Pesin Sets in surface diffeomorphisms

Now, we prove Theorem E, which can be almost directly deduced from Theorem D.

Proof of Theorem E. Let f : M → M be a C∞ surface diffeomorpism with positive topological

entropy. Let χ := 1
3 htop( f ) and let α1 = 1−τ, α2 = 1−2τ. By construction, we have that

χ<χ(α1,α2) = 1

2
htop( f ).

Let Cχ := 8C (χ, f ), where C (χ, f ) is the constant in Lemma 2.3. By Ruelle’s inequality [18],

each ergodic measure µ of a surface diffeomorpism with positive entropy has exactly one

positive and one negative Lyapunov exponents. By Theorem D, there exists a constant ℓ> 0

and a C∞ neighborhood U of f such that for every g ∈ U and for every ergodic measure µ

of g with hµ(g ) ≥ (1−τ)htop( f ), one has

µ(H χ

ℓ
(g )) > 1−4τ.

Then, by Lemma 2.3, for each ε> 0 we have

µ(PESχ,ε
ℓ

(g )) > 1− C (χ, g )

ε
(1−µ(H χ

ℓ
(g ))

> 1− 2C (χ, f )

ε
(1−1+4τ)

= 1− Cχ

ε
τ.

This completes the proof of Theorem E.
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3.3 Proof of Proposition 3.1

We give a lower bound for the measure of Λu,χ
N ,β(g q ); the lower bound for the measure of

Λ
s,χ
N ,β(g q ) can be obtained by considering g−1. For convenience, we denote G := g q and

Λ :=Λu,χ
N ,β(g q ) = {x : ∃0 ≤ i ≤ N s.t. g qi (x) ∈ Lu

β(g )∩H u
χ (G)}. (23)

Since µ may not to be ergodic of G , we consider the ergodic component ν of µ with respect

to G . Note that µ= 1
q

∑q−1
j=0 g j

∗ν. We want to show that

hµ(g ) = (
hν(g q )/q

)
⪅ ν(Λ)htop( f )+ (1−ν(Λ))χ. (24)

in the following Proposition.

Proposition 3.4. Recall the notation introduced at the beginning of this section. For every

ergodic component ν of µ with respect to G, we have

hν(G) ≤ ν(Λ)q(htop( f )+α)+ (
1−ν(Λ)

) ·qχ+qα+ 1

r −1

(∫
log∥DxG∥ dν(x)−λ+(ν,G)

)
.

Proof of Proposition 3.1. Consider the ergodic decomposition of µ = 1
q

∑q−1
j=0 ν j with respect

to g q , where ν j = g j
∗ν. Note that hν j (G) = qhµ(g ), λ+(ν j ,G) = qλ+(µ, g ) for every 0 ≤ j < q .

By Proposition 3.4, for every 0 ≤ j < q we have that

hµ(g ) ≤ ν j (Λ)(htop( f )+α)+ (
1−ν j (Λ)

) ·χ+α+ 1

r −1

( 1

q

∫
log∥Dx g q∥ dν(x)−λ+(µ, g )

)
.

Therefore, for every 0 ≤ j < q we have

ν j (Λ) ≥
hµ(g )−χ− 1

r−1

( 1
q

∫
log∥Dx g q∥ dµ(x)−λ+(µ, g )

)−α
htop( f )−χ+α .

By taking the sum over j and divide q , we have

µ(Λ) ≥
hµ(g )−χ− 1

r−1

( 1
q

∫
log∥Dx g q∥ dµ(x)−λ+(µ, g )

)−α
htop( f )−χ+α . (25)

This completes the proof of Proposition 3.1.

3.4 Proof of Proposition 3.4

3.4.1 Choice of the uniform set K and a strongly ε-bounded curve σ

Recall that G = g q and ν is an ergodic measure of G . Let K be as in Proposition 2.6. We

may find a compact subset K ′ of K satisfying the following properties:
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(1) ν(K ′) > 0 and K ′ ⊂ H u
χ (G), where H u

χ (G) is defined in (14);

(2) 1
n #{0 ≤ i < n : G i (x) ∈Λ} → ν(Λ) uniformly in x ∈ K ′;

(3) 1
n log∥DxGn |E u (x)∥→λ+(ν,G) uniformly in x ∈ K ′;

(4) 1
n

∑n−1
i=0 δG i (x) → ν uniformly in x ∈ K ′.

Fix a point x0 ∈ K ′ and choose a strongly ε-bounded curve σ : [−1,1] → W u(x0) with σ(0) =
x0 and νξ(x0)(σ∗ ∩K ′) > 0. We consider a sequence of finite partitions {Pk }k∈N, satisfying

ν(∂Pk ) = 0 and Diam(Pk )
k→∞−−−−→ 0. Then, by Proposition 2.6 we have with P n

k :=P n,G
k

hν(G) ≤ liminf
k→∞

(
liminf

n→∞
1

n
log#{P ∈P n

k : P ∩K ′∩σ∗ ̸= ;}

)
. (26)

To simplify the notations we denote in the following by K its subset K ′ satisfying the above

properties.

Proposition 3.5. Assume that there is a sequence of affine reparametrizations {Γn}n>0 such

that for any n ∈N,

• K ∩σ∗ ⊂⋃
γ∈Γn σ◦γ([−1,1]);

• for any γ ∈ Γn , one has G j ◦σ◦γ is strongly 2ε-bounded for any 1 ≤ j ≤ n;

Then, we have hν(G) ≤ liminf
n→∞

1
n log#Γn .

Proof. We take a partition P ∈ {Pk }k∈N with small diameter and ν(∂P ) = 0. Define

DP (n) := sup
γ∈Γn

#{P : P ∩K ∩ (σ◦γ)∗ ̸= ;, P ∈P n}.

As in [14, Proposition 5.2], one has that lim
n→∞

1
n logDP (n) = 0. Then, as in [14, Section 6],

#{P : P ∩K ∩σ∗ ̸= ;, P ∈P n} ≤ #Γn · sup
γ∈Γn

{P : P ∩K ∩ (σ◦γ)∗ ̸= ;, P ∈P n}.

Thus, by applying (26), one can conclude:

hν(G) ≤ liminf
n→∞

1

n
log#Γn + liminf

Diam(P )→0
lim

n→∞
1

n
logDP (n) = liminf

n→∞
1

n
log#Γn .

This completes the proof.

In the following subsubsections, we will construct affine reparametrizations that satisfy

the conditions of Proposition 3.5, and provide an upper bound estimate on their number.
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3.4.2 Decomposition K by red-Bowen balls

For every x and n > 0, let (note that Lu
β

(g ) = Lu
β

(g q ))

Tn(x) := {0 < i ≤ n : G i (x) ∈ Lu
β(G)∩H u

χ (G)}

and let

χ+(x) := ⌈log∥DxG∥⌉, χ(x) := ⌈log∥DxG|E u (x)∥⌉.

For En ⊂ {1, · · · ,n} and 2n-integers {χ+i ,χi }n
i=1, we define the set

Σ(En , {χ+i ,χi }n
i=1) :={

x ∈ K ∩σ∗ : Tn(x) = En , χ+(G ( j−1)(x)) =χ+j , χ(G ( j−1)(x)) =χ j , 1 ≤ j ≤ n
}

.
(27)

By a direct computation, we know that K can be covered by at most (2q Ag )2n number of

the sets of the form Σ(En , {χ+i ,χi }n
i=1) (see (9) for the definition of Ag ). Now, we fix a subset

Σ :=Σ(En , {χ+i ,χi }n
i=1). For each n > 0, we consider

E N
n := {k ∈ [1,n] : ∃0 ≤ i ≤ N s.t. k + i ∈ En }.

It follows from the definitions that if Σ(En , {χ+i ,χi }n
i=1) ̸= ; for some

(
{χ+i ,χi }n

i=1

)
then there is

a point x ∈ K such that E N
n = {0 ≤ i < n : G i (x) ∈Λ}. Then, by property (2) of Subsection 3.4.1

we have

lim
n→∞

(
sup

{ 1

n
· ∣∣#E N

n −n ·ν(Λ)
∣∣ : Σ(En , {χ+i ,χi }n

i=1) ̸= ; for some
(
{χ+i ,χi }n

i=1

)})
= 0 (28)

For convenience, we denote E N
n as the union of pairwise disjoint intervals4

E N
n :=

m⋃
j=1

(a j ,b j ] : 0 ≤ a j < b j ≤ n, b j −a j ≥ N , b j ∈ En , ∀ j = 1, · · · ,m, m ≤ n

N
+1.

We define the red-(n,ε,G)-Bowen balls5 with respect to the set Σ by

B red
G (x,n,ε) := {y ∈Σ : d(G j (x),G j (y)) ≤ ε, j ∈ E N

n }. (29)

Then, the set Σ can be covered by at most

exp
(
#E N

n ·q
(
htop( f )+α))

(30)

red-(n,ε,G)-Bowen balls. Indeed, each interval (a j ,b j ] requires at most r (G ,b j −a j ,ε) num-

bers of (b j −a j ,ε)-Bowen balls to cover the whole manifold. It follows from the choice of N

in (13) that

r
(
G ,b j −a j ,

ε

2

)
≤ exp

(
(b j −a j ) ·q(htop( f )+α)

)
.

4The last interval (am ,bm] may happens bm = n ∉ En and bm − am < N , but this does not affect the final

asymptotic estimate of the number of affine reparametrizations, so we omit this case.
5In [3, Section 4], “red" refers to a geometric time, that is, a time at which the point has a long unstable

manifold and the derivative satisfies the Pliss condition.
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Therefore the total number of red-(n,ε,G)-Bowen balls needed to cover Σ is bounded above

by

exp

(
m∑

j=1
(b j −a j )q · (htop( f )+α)

)
≤ exp

(
#E N

n ·q(htop( f )+α)
)

.

3.4.3 Reparametrizations for red-Bowen balls

Red-Bowen balls are larger than the usual Bowen balls. However, one can still control

the number of parametrizations required to cover red-Bowen balls, as in Proposition 3.5.

Recall that σ is a strongly ε-bounded curve whose image is contained in W u
loc(x0), and that

ε satisfies 10 ·ε≤ εΥ, where εΥ satisfies the conclusion of Lemma 2.11 and ∥D j G∥sup <Υ for

any 1 ≤ j ≤ r .

Theorem 3.6. Given Σ := Σ(En , {χ+i ,χi }n
i=1) ⊂ K , for each x ∈ σ∗ ∩Σ, there exists a family

Γn(Σ, x) of affine reparametrizations such that

#Γn(Σ, x) ≤ (2Cr )n ·e(n−#E N
n )·qχ ·exp

(∑n
i=1(χ+i −χi )

r −1

)
, and

(1) B red
G (x,n,ε) ⊂⋃

γ∈Γn (Σ,x)σ◦γ([−1,1]);

(2) G j ◦σ◦γ is strongly 2ε-bounded for every j = 1, · · · ,n.

Proof. Recall that

E N
n :=

m⋃
j=1

(a j ,b j ], 0 ≤ a j < b j < n, b j −a j ≥ N , b j ∈ En , ∀ j = 1, · · · ,m.

We will show by induction that for every 1 ≤ k ≤ n, there exists a familyΓk of affine reparametriza-

tions satisfying (Item (4) serves as the inductive step)

(1)
{

y ∈Σ : d(G j (x),G j (y)) ≤ ε, j ∈ E N
n ∩ (0,k]

}⊂⋃
γ∈Γk

σ◦γ([−1,1]);

(2) G j ◦σ◦γ is strongly 2ε-bounded for every j = 1, · · · ,k and every γ ∈ Γk ;

(3) #Γk ≤ (2Cr )k exp

(∑k
i=1(χ+i −χi )

r−1

)
·e(k−#(E N

n ∩(0,k]))·qχ;

(4) for each γk ∈ Γk , there exists γk−1 ∈ Γk−1 and a reparametrization θ : [−1,1] → [−1,1]

such that γk = γk−1 ◦θ, and |θ′| ≤ 1
2 ·e−qχ ·exp

(
χk−χ+k −1

r−1

)
whenever k ∉ E N

n .

Once we prove this induction, we get the conclusion for n, and then we conclude the theo-

rem. We should check the case of k = 1 by starting the induction step. However, this is too

similar to the case of checking k +1 by knowing the case of k. Thus, this process is omitted.

Assuming the conclusion holds for the case of k. For each γ ∈ Γk , we denote

σk :=σk,γ =Gk ◦σ◦γ.

By the induction, σk is strongly 2ε-bounded. For k +1, there are two cases: k +1 ∈ E N
n and

k +1 ∉ E N
n . We will construct affine reparametrizations for all such σk

6.

6For the initial step k = 1, we will construct affine reparametrizations for σ0 =σ.
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We apply Lemma 2.11 forσk , there exists a family of affine reparametrizationsΘ(σk ) such

that

(a) σk ([−1,1])∩Gk (Σ) ⊂⋃
θ∈Θ(σk )σk ◦θ([−1,1]);

(b) G ◦σk ◦θ is bounded for every θ ∈Θ(σk );

(c) #Θ(σk ) ≤Cr exp
(χ+k+1−χk+1

r−1

)
;

(d) |θ′| ≤ 1
2 ·exp

(χk+1−χ+k+1−1
r−1

)
.

If k +1 ∈ E N
n , then we need to cover the set

{z ∈σk ([−1,1])∩Gk (Σ) : d(G(z),Gk+1(x)) < ε}.

For every θ ∈ Θ(σk ), since G ◦σk ◦θ is bounded and, by (11), its length is smaller than the

injectivity radius of the exponential map, the affine map γ(θ) from [−1,1] onto the interval[
min{t ∈ [−1,1] : G ◦σk ◦θ(t ) ∈ B(Gk+1(x),ε)}, max{t ∈ [−1,1] : G ◦σk ◦θ(t ) ∈ B(Gk+1(x),ε)}

]
satisfies that G ◦σk ◦θ ◦γ(θ) is strongly 2ε-bounded. Now we take

Γk+1 := {
γ◦θ ◦γ(θ) : γ ∈ Γk , θ ∈Θ(σk,γ)

}
.

We check that Γk+1 satisfies the induction. The Items (1) (2) (4) are given by the construction.

We check the cardinality, if k +1 ∈ E N
n , then k +1−#(E N

n ∩ (0,k +1]) = k −#(E N
n ∩ (0,k])

#Γk+1 ≤ #Γk × sup
γ∈Γk

#Θ(σk,γ)

≤ (2Cr )k exp

(∑k
i=1(χ+i −χi )

r −1

)
·e(k−#(E N

n ∩[1,k]))·qχ ·Cr ·exp

(
χ+k+1 −χk+1

r −1

)

≤ (2Cr )k+1 ·e(k+1−#(E N
n ∩[1,k+1]))·qχ ·exp

(∑k+1
i=1 (χ+i −χi )

r −1

)
.

This completes the construction for the case k +1 ∈ E N
n .

Now we consider the case that k +1 ∉ E N
n . This implies that Gk+1(y) ∉ H u

χ0
(G)∩Lu

β
(g ) for

any y ∈Σ. LetΘχ be a family of affine maps from [−1,1] to [−1,1] and satisfies

• |θ′| ≤ e−qχ for every θ ∈Θχ;

• [−1,1] =⋃
θ∈Θχ θ([−1,1]) and #Θχ ≤ eqχ;

Consider Θχ(σk ) := {γ0 ◦θχ : γ0 ∈ Θ(σk ), θχ ∈ Θχ}. For each θ ∈ Θχ(σk ), we consider the

bounded curve G ◦σk ◦θ. Assume that k +1 ∈ (bi , ai+1] for some 1 ≤ i ≤ m, where bi ∈ En .

Therefore, by induction there exist affine reparametrizations {γbi ,θbi+1, · · · ,θk+1} such that

1. γ◦θ = γbi ◦θbi+1 ◦ · · · ◦θk+1;
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2. γbi ∈ Γbi and |θ′j | ≤ e−qχ ·exp

(
χ j−χ+j −1

r−1

)
for any j ∈ (bi ,k +1].

By the definition of Σ (see (27)), Gbi (z) ∈ H u
χ (G) for all z ∈ Σ. If G ◦σk ◦ θ is not strongly

2ε-bounded, then by Lemma 2.12 for every z ∈Σ∩G−k (σk ◦θ([−1,1])) we have

log∥DGk+1− j (z)G
j |T

Gk+1− j (z)
(G j ◦σ)∗∥ ≥ j ·qχ, ∀1 ≤ j ≤ k +1−bi .

Consequently, for each y ∈ Gk+1(Σ)∩ (G ◦σk ◦ θ)([−1,1]), since the above inequality holds

for G−(k+1)(y) and G−(k+1)+bi (y) ∈ H u
χ (G), we obtain y ∈ H u

χ (G). Hence y ∉ Lu
β

(g ), because

k +1 ∉ En . Therefore, by Lemma 2.10 there exists two affine reparametrizations γ±
θ

such that

• G ◦σk ◦θ ◦γ±θ is strongly 2ε-bounded;

• Gk+1(Σ)∩ (G ◦σk ◦θ)([−1,1]) ⊂G ◦σk ◦θ ◦γ+θ ([−1,1])
⋃

G ◦σk ◦θ ◦γ−θ ([−1,1]).

If G ◦σk ◦θ is strongly 2ε-bounded, we take γ±
θ
= I d . Now, we construct Γk+1 as

Γk+1 := {
γ◦θ ◦γ±θ : γ ∈ Γk , θ ∈Θχ(σk,γ)

}
.

We check that Γk+1 satisfies the induction. The Items (1) (2) (4) are given by the construction.

We check the cardinality, in this case, k +1−#(E N
n ∩ (0,k +1]) = 1+k −#(E N

n ∩ (0,k]),

#Γk+1 ≤ #Γk × sup
γ∈Γk

#Θχ(σk,γ)×2

≤ (2Cr )k exp

(∑k
i=1(χ+i −χi )

r −1

)
·e(k−#(E N

n ∩(0,k]))·qχ ·eqχ ·2Cr ·exp

(
χ+k+1 −χk+1

r −1

)

≤ (2Cr )k+1 ·e(k+1−#(E N
n ∩(0,k+1]))·qχ ·exp

(∑k+1
i=1 (χ+i −χi )

r −1

)
.

This completes the construction for the case k +1 ∉ E N
n .

3.4.4 End of the proof of Proposition 3.4

Consider an ergodic measure ν as in Proposition 3.4. Now we give the bound of the num-

bers of affine reparametrizations.

Proposition 3.7. There is a sequence of affine reparametrizations {Γn}n>0 that covers K ∩
σ([−1,1]) such that G j ◦σ◦γ is strongly 2ε-bounded for any 1 ≤ j ≤ n and any γ ∈ Γn , and

limsup
n→∞

1

n
log#Γn ≤ ν(Λ) ·q(htop( f )+α)+qα+ (1−ν(Λ))qχ+

(∫
log∥DG∥ dν−λ+(ν,G)

)
r −1

.

Proof. To summarize, for sufficiently large n > 0 we have that

• there are at most (2q Ag )2n types Σ :=Σ(En , {χ+i ,χi }n
i=1) as defined in (27);

26



• each Σ(En , {χ+i ,χi }n
i=1) can be coverd by at most

exp
(
#E N

n ·q
(
htop( f )+α))

numbers of red-(n,ε,G)-Bowen balls;

• each red-(n,ε,G)-Bowen ball can be covered by at most

(2Cr )ne(n−#E N
n )·qχexp

(∑n
i=1(χ+i −χi )

r −1

)

affine reparametrizations satisfies the conclusion of Theorem 3.6.

Thus, totally we have a family of affine reparametrizations Γn , whose cardinality is upper

bounded by

(2q Ag )2n · sup
En

exp
(
#E N

n ·q · (htop( f )+α)) · (2Cr )ne(n−#E N
n )·qχexp

(∑n
i=1(χ+i −χi )

r −1

)

Recall that

lim
n→∞sup

En

∣∣∣ 1

n
#E N

n −ν(Λ)
∣∣∣= 0.

For each Σ(En , {χ+i ,χi }n
i=1) ̸= ;, one can choose z ∈Σ(En , {χ+i ,χi }n

i=1) ⊂ K such that

limsup
n→∞

1

n

n∑
i=1

(
χ+i −χi

)≤ lim
n→∞1+ 1

n

(n−1∑
i=0

log∥DG i (z)G∥− log∥DzGn |E u(z)∥)
≤ 1+

∫
log∥DxG∥dν(x)−λ+(ν,G).

Then, by taking the limit, one has (recall (9) for q)

limsup
n→∞

1

n
log#Γn

≤ ν(Λ) ·q
(
htop( f )+α)+ (1−ν(Λ)) ·qχ+

∫
log∥DG∥ dν−λ+(ν,G)

r −1
+2log2qCr Ag + 1

r −1

≤ ν(Λ) ·q(htop( f )+α)+ (1−ν(Λ)) ·qχ+
∫

log∥DxG∥ dν(x)−λ+(ν,G)

r −1
+qα.

This completes the proof of Proposition 3.7.

By Proposition 3.5 and Proposition 3.7, we complete the proof of Proposition 3.4.

Remark 3.8 (Effective upper bound on the number of MMEs). The number of measures of

maximal entropy of a C∞ surface diffeomorphism f can be explicitly controlled by certain

dynamical and differential datas associated to f as follows.
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Letα1 = 1 andα2 = 2
3 . We no longer requireα> 0 to be a small parameter, but just choose

α = htop( f )/6. Take χ = htop( f )/4. Define r f := r (∥D f ±∥sup,htop( f )) > 0 be the minimal

integers such that
log

(
2 ·max{∥D f ∥sup,∥D f −1∥sup}

)
r f −1

≤ htop( f )

12
.

Next, define q f := q(∥D f ±∥sup,htop( f )) ∈N be the minimal integer such that

1

q f
log(5qCr A f )+ 1

q f (r f −1)
< htop( f )

12
, where A f := 2log(1+∥D f ∥sup +∥D f −1∥sup).

Let ε f := ε(htop( f ),∥Dk ( f ±q f )∥ : 1 ≤ k ≤ r f ) be the largest real number with

εk−1
f · ∥Dk ( f q f )∥sup ≤ ∥D f q f ∥sup, ∀k = 2, · · · ,r f

and set β0 = ε f /2. Then, we define N f (ε) ∈N as the smallest integer such that

r (n, f ,ε f ) ≤ e
5
4 ·n·htop( f ), ∀n ≥ N f .

By following the above proofs we get for every ergodic measure µ with maximal entropy

hµ( f ) ≤ htop( f ) ·
(

5

4
·µ(Λu,χ

N f ,β0
( f q f ))+ 1

4

(
1−µ(Λu,χ

N f ,β0
( f q f ))

)+ 1

6

)
,

and

hµ( f ) ≤ htop( f ) ·
(

5

4
·µ(Λs,χ

N f ,β0
( f q f ))+ 1

4

(
1−µ(Λs,χ

N f ,β0
( f q f ))

)+ 1

6

)
,

where Λu,χ
N f ,β0

( f q f ) and Λs,χ
N f ,β0

( f q f ) are defined in (16) and (17) respectively. Recall the angle

estimate in Lemma 3.3 and the proof of Theorem D. We deduce the existence of

C :=C (htop( f ), N f ,∥Dk ( f ±q f )∥ : 1 ≤ k ≤ r f ) and β :=β(htop( f ), N f ,∥Dk ( f ±q f )∥ : 1 ≤ k ≤ r f )

such that for every ergodic measure µ with maximal entropy, one has

µ
(
Lu(β)∩Ls(β)∩ {x :∠(E s(x),E u(x)) >C−1}

)> 1

6
.

Together with Proposition 2.8 we obtain the following corollary.

Corollary 3.9. The number of maximal measures of a C∞ surface diffeomorphism f : M → M

is less than N for some function N depending only on htop( f ), N f , ∥Dk ( f ±q f )∥ : 1 ≤ k ≤ r f .

4 Proof of Main Theorems: 3-dimensional vector fields

In this section, we always assume that M is a three-dimensional compact Remiannian

manifold without boundary. Let X : M → T M be a C∞ vector field without singularities, and

let (ϕt )t∈R denote the flow generated by X .

28



Let f :=ϕ1 be the time one map of the flow (ϕt )t∈R. Since X has no singularities, the flow

direction is uniformly bounded in the following sense: there exists a constant CX > 0 such

that

∥Dx f ±n |E c (x)∥ ≤CX , ∀n ∈N, ∀x ∈ M ,

where E c (x) = span(X (x)). Therefore, for every hyperbolic measure µ of (ϕt )t∈R, one has

µ
(
{x : C−1

X ≤ m(Dx f n |E c (x)) ≤ ∥Dx f n |E c (x)∥ ≤CX ,∀n ∈Z}
)= 1. (31)

Take 1
2 < α2 < α1 < 1 and 0 < χ < χ(α1,α2) (see (3) for the definition of χ(α1,α2)). By

Ruelle’s inequality [18], each ergodic measure µ of the flow with positive entropy has exactly

one positive and one negative Lyapunov exponents. By Theorem D, there are β> 0 and C > 0

such that for every ergodic measure ν′ ofϕ1 with hν′(ϕ
1) ≥α1htop(X ), one has (see Definition

1.1 and Definition 1.2 for notations)

ν′(Lu
β(ϕ1)∩Ls

β(ϕ1)∩H
χ

C (ϕ1)) > 2α2 −1 > 0.

Recall the Definition 2.4 of the set H
χ,ε
ℓ

(X ). For every ε > 0, by the angel estimate (see

Lemma 3.3) and (31), one can choose ℓ> max{C , CX } such that H
χ

C (ϕ1) ⊂H
χ,ε
ℓ

(X ).

Proof of Theorem F. For each τ> 0, let α1 = 1
2 +τ and α2 = 1

2 +2τ, and fix the constants χ, β,

and ℓ as chosen above. Then, for every ergodic measure µ of the flow {ϕt }t∈R with hµ(X ) ≥
α1htop(X ), each ergodic component ν of µ with respect to ϕ1 satisfies hν(ϕ1) ≥ α1htop(X ).

Therefore, we have

ν
(
Lu
β(ϕ1)∩Ls

β(ϕ1)∩H
χ,ε
ℓ

(X )
)
> 2α2 −1 = τ> 0.

It follows that

µ
(
Lu
β(ϕ1)∩Ls

β(ϕ1)∩H
χ,ε
ℓ

(X )
)
> τ> 0.

By Proposition 2.9, we have

#{HEC(µ) : ν is an ergodic measure with hµ(X ) >
(

1

2
+τ

)
htop(X )} <+∞.

This completes the proof of Theorem F.

Proof of Theorem H. For 0 < τ< 1
4 , we let α1 = 1−τ, α2 = 1−2τ, χ= 1

3 htop(X ) <χ(α1,α2) and

let 0 < ε≪ χ. From the preceding discussion, we conclude that for every ergodic measure µ

of {ϕt }t∈R with hµ(X ) ≥α1htop(X ), one has

µ(Lu
β(ϕ1)∩Ls

β(ϕ1)∩H
χ,ε
ℓ

(X )) > 1−4τ.

Take Cχ = 4C (χ, X ), by Lemma 2.5, we have

µ(PESχ,ε
ℓ

(X )) > 1− C (χ, X )

ε

(
1−µ(H χ,ε

ℓ
(X ))

)
> 1− Cχ

ε
·τ.

This completes the proof of Theorem H.
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Remark 4.1 (Remark for C r smoothness). In this paper, we only state the results in the C∞

setting. Let X : M → T M be a C r ,r > 1 three-dimensional vector field without singularities,

and let (ϕt )t∈R denote the flow generated by X . Recall the definition of

λmin(ϕ) := min
{

lim
n→∞

1

n
log∥Dϕn∥sup, lim

n→∞
1

n
log∥Dϕ−n∥sup

}
Assume that htop(X ) =α(X ) ·λmin(ϕ) withα(X ) > 2

r+1 , then Theorem F admits a version with

a complicated constant: for any τ> 0, one has

#
{

HEC(ν) : ν is an ergodic measure with hν(X ) > (r −1

2r
+ 1

rα(X )
+τ)htop(X )

}
<∞.

This fact can be obtained via Proposition 3.1 and the same arguments as in the C∞ case. Con-

sequently, the number of ergodic measures of maximal entropy is finite whenever htop(X ) >
2

r+1 ·λmin(ϕ) for every r > 1.

In the C r setting, Theorem H partially holds (only for sufficiently small τ> 0, rather than

all 0 < τ< 1
4 ) under the additional assumption of entropy continuity, as introduced in [8]. A

similar result for surface diffeomorphisms can be found in [10].

Remark 4.2 (Remark on the continuity of Lyapunov exponents). As a consequence of Theo-

rem H, we can prove the continuity of Lyapunov exponents in the flowing case:

Let X : M → T M be a C∞ three-dimensional vector field without singularities, and let

(ϕt )t∈R denote the flow generated by X . Assume that htop(X ) > 0, then for every sequence of

ergodic measures {µn}n>0 of (ϕt )t∈R with µn → µ and hµn (X ) → htop(X ), one has λ+(µn) →
λ+(µ).

Indeed, for each τ> 0, by Theorem H there are χ> 0, 0 < ε≪χ, ℓ> 0 and N > 0 such that

µn(PESχ,ε
ℓ

(X )) > 1−τ, ∀n > N .

Since the set PESχ,ε
ℓ

(X ) is compact, one has µ(PESχ,ε
ℓ

(X )) > 1− τ. Note that the geometric

function ψ(x) := log∥Dxϕ
1|E u (x)∥ is continuous on PESχ,ε

ℓ
(X ). Therefore, we can choose a

continuous function φ : M → R such that ∥φ∥C 0 ≤ ∥Dϕ1∥sup and φ(x) = ψ(x) for every x ∈
PESχ,ε

ℓ
(X ). Therefore, we have

limsup
n→∞

|λ+(µn)−λ+(µ)| = limsup
n→∞

∣∣∣∫ ψ(x)dµn(x)−
∫
ψ(x)dµ(x)

∣∣∣
≤ lim

n→∞

∣∣∣∫ φ dµn −
∫
φ dµ

∣∣∣+2τ · ∥Dϕ1∥sup = 2τ · ∥Dϕ1∥sup.

Since τ> 0 is arbitrary, the conclusion follows.
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